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ilote 

A  paper  with  the  same  title  vra.s  submitted  to  the  Watson  La"boratories 
1  January  I9U7.  This  v;as  special  report  I'To.  I7O-2,  These  tv;o  papers  differ  funda- 
mentally in  the  "boundary  conditions  that  are  assumed.   In  the  earlier  report  it  v/as 
assumed  that  on  the  surface  of  the  guide  the  component  of  the  magnetic  field  (as 
vrell  as  that  of  the  electric  field)  in  the  helical  direction  is  zero.   In  the 
present  study  \;e  assiuae  that  the  component  of  the  magnetic  field  in  the  helical 
direction  is  continuous  as  ue  pass  through  the  surface  of  the  guide,  "but  not  neces- 
sarily zero  on  the  surface.   The  newer  conditions  are  not  only  more  realistic 
physically,  hut  they  greatly  increase  the  difficulty  of  the  prohlem. 


2. 
A"bs  tract 

This  is  an  investigation  oi  a  '..-ave  g'aide  in  the  forra  of  an  idealized 
helix  which  is  merely  a  circular  cylindrical  surface  suhjected  to  the  folloving  con- 
ditions.  An  arbitrary  helical  direction  on  the  surface  is  chosen  and  it  is  assumed 
that  the  surface  has  perfect  conductivity  in  the  helical  direction  and  zero  con- 
ductivity in  the  direction  normal  to  this  on  the  surface.   Consequently  on  the 
cylinder  the  electric  field  vanishes  in  the  helical  direction  \;hereas  the  magnetic 
field  is  continuous  in  this  direction, 

loT   each  n(n=0,  1  1,  1  2,    )  there  is  a  general  solution  oi  the 

wave  equation  in  cylindrical  coordinates  involving  nth  order  Bessel  functions  with 
n  nodes  around  the  circutif erence.  For  each  such  solution  there  are  precisely  as 
many  non-attenuated  modes  as  there  ai'e  real  and  imaginary  sol-j-tions  in  v  of  the 
eauation 
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Here  i^  =        '.  uhere     A      is   the   free-space  v/ave~lenir;th  and  a  is   the   radius   of  the 
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guide,  and  b  =  tc: —  vfhere  d  is  the  distance  hett/een  turns  of  the  helix. 
2na 

It  is  found  that  there  are  no  imaginary  solutions  of  the  ahove  equation. 
Each  real  solution  corresponds  to  a  node  \;ith  phase  velocity  along  the  cylinder 
smaller  than  the  free-space  vsve   velocity.   The  paper  is  therefore  concerned  \.'ith 
the  existence  of  real  solutions  for  various  ranges  of  values  of  o<  and  their  rela- 
tions to  one  another.   This  problem  is  discussed  rigoroiasly  for  n  =  0  and  jn)  >  3» 
It  has  not  oeen  jjossihle  as  yet  to  coiaplete  the  theoretical  discussion  for  n  =  1  1 
or  t.   2,  and  for  the^e  cases  graphical  evidence  is  supplied  for  the  conclusions 
reached. 


3. 

1.  Introduction 

In  recent  years  a  great  deal  of  researcli  has  been  done  on  an  ultra-high- 
frequency  amplifier  known  as  the  traveling,- wave  tute.*  It  has  teen  found  that  this 
tute  possesses  the  desirable  properties  of  high  gain,  broad  bandwidth,  and  lo\\f 
noise  level.   The  essential  part  of  the  tube  is  a  helical  transmission  line  \/hich 
is  designed  to  pass  an  electromagnetic  vrave  v/ith  v/ave  length  along  the  guide,  and 
hence  phase  velocity  along  the  guide,  smaller  than  that  of  the  free-space  \mve  by 
a   factor  of  about  thirteen.  An  electron  beam  with  a  velocity  approximately  equal 
to  the  phase  velocity  of  the  electromagnetic  v/ave  is  shot  do\m  the  center  of  the 
helical  guide.  The  electromagnetic  wave  and  the  electron  beam  interact,  and  as  a 
result  the  wave  amplitude  is  magnified. 

This  paper  consists  of  a  stud^'  of  the  transmission  properties  of  an 
idealized  helical  v/ave  guide.  The  helical  wave  guide  used  in  the  actual  construc- 
tion of  the  traveling-\/ave  tube  is  a  single  \/ire  wound  in  the  shape  of  a  helix. 
Unfortunately,  the  propagation  properties  of  the  helix  itself  have  thus  far  eluded 
investigators  in  this  field.  Wo  have  considered,  instead,  an  idealized  helix  ob- 
tained by  replacing  the  helix  with  a  cylinder  of  the  same  radius  which  is  conduct- 
ing in  only  the  original  helical  direction  and  is  non-aonducting  in  the  helical 
direction  normal  to  this. ** 

This  idealisation  appears  to  be  a  very  good  approximation  to  the  actual 
helix.   It  is  clear  that  the  current  is  constrained  to  travel  along  a  helix  having 
the  same  pitch  in  both  cases.  Thus  the  boundary  conditions  are  somev/hat  the  same 
for  the  two  designs.   One  i/ould  expect  differences  in  the  field  in  the  immediate 
neighborhood  of  the  wire  or  cylinder;   these  differences  should  not,  hov/ever. 


*  The  travel ing-',;ave  tube  v/as  developed  'oy   a  group  under  the  direction  of  R.  Kompfner 
at  Oxform  University.   The  following  reports  in  this  field  are  available: 

H.  Kompfner,  The  Traveling  Wave  Value,  V/ireless  Jorld,  vol,  52,  1SU6, 

pp.  369-372. 

J.   R.  Fierce,  Theory  of  the  Beam-Type  Traveling-V/ave  Tube,   Froc.    I.R.S. , 

vol.35,l9U7,  -p-p.  111-123. 

J.  F.  Fierce  and  L.  M.  Field,  Traveling-V/ave  Tube,  Froc. .  I.R.E.  . 

vol.  35,191+7,  pp.  102-111. 

**This   same   idealization  v/as  used  oy  Franz  Ollendorff,    Die  C-rundlagen  der 
Kochfrequenztechnik,   pp.    79-87,    Springer,   Berlin,    1921^^ 


apprecia"bly   influence  the  phase  velocity  of  the  vave.      This   is,   in  fact  "borne  out  "by 
experiment.      If  one  applies  the  theory  for  the  idealized  helical  wave  guide   to   the 
helix,    one  can  obtain  the   o"bserved  phase  velocity  along  the  guide  "by  using  a  radius 
approximately  eq-oal   to  the  mean  helix-radius.     For  instance,    for  a  free-space  wave 
length  of  o2  cm. ,    a  spacing  bet\;een  turns   of  2  cm. ,   and  a  helical   radius  of  3  cm. 
(inner)  and  U.3  cm.    (outer),    one  obtains   the  experimentally  determined  phase  veloc- 
ity for  the  single  '/ire  helix  ty  means    of  the  idealized  helix  theory  in  \7hich  a 
radius   of  h.l  cm.    is  used.      In  another   instance  for  a  free-space  wave  length  of 
10  cm.,    a  spacing  "betv;een  turns   of  0.25  cm.,    and  a  helical  radius   of  2.6  mm.    (inner) 
and  3.8  mm.    (outer),    it   is  necessary  to  iise  in  the   theory  a  cylinder  radius   of  3.I 
mm.    in  order   to  achieve  agreement. 

The  precise  boundary  conditions  for  the  idealized  helical  v;ave  guide 
which  v;e  consider  can  be   formulated  as    follows.      The  guide  consists   of  a  circular 
cylinder  of    zero  thicloaess  which  extends   indefinitely  far  in  both  directions.     At 
the  surface   of  the   cylinder  the  tangential   electric  field  is  assumed  to  be  continu- 
ous.    We  shall  assume  perfect  conductivity  on  the  cylinder  in  the  helical   direction 
and  zero  conductivity  in  the  direction  normal  to   the  helical   direction.     Hence  on 
the  cylinder   the  electric   field  vanishes   in  the  helical  direction  \/hereas  the  mag- 
netic  field  is  continuous   in  this   direction.     These  boundary  conditions  lead  to   the 
existence  of  certain  normal  modes  which,    in  the  usual  v/ave  guide   terrainologi',    are 
linear  combinations   of  the   transverse-electric  and  transverse-magnetic  modes. 

?or  each  n  (n  =  0,    _  1,    _  2,    )  there   is  a  general   solution  of  the 

wave  equation  in  cylindrical   coordinates      involving  n       order  Bessel  functions  \/ith 
n     nodes  around  the  circumference.      For  each  such  solution  there  are  precisely  as 
man;y'  non-attenuated  modes   as  there  are   real  and  imaginary  solutions   in  v  of  the 
equ£i,tion 
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Here<X=     -r—     where  X     is   the   free-space  \7ave-length  and     a     is   the   radius   of   the 

0 

cylindrical  guide,  and  0=  —■ —  v/here  d  is  the  distance  bet\;een  turns  of  the  helix. 

It  turns  out  that  there  are  no  imaginary  solutions  of  Eq,(l.l).  On  the  other  hand 
there  is  alv/ays  one  real  solution  for  n  =  0.  For  each  n  <  0  there  are  either  one, 
t\ro,    three,  or  four  real  solutions;   for  sufficiently  large  n  <  0  there  are  exactly 


5. 

tv;o  real  solutions.      Finally  for  each  n  >  0  there  are  either  zero,    one,    or  three 
real  solutions;      for  sufficiently  large  n  >  0  there  are  no  real  solutions.* 

Each  real   solution  of  Eq.    (1.1)   corresponds   to  a  mode  v;ith  phase  velocity 
along  the  cylinder  smaller   than  the  free-space  v/ave  velocity.      The  real  solution 
nodes  are  therefore  the  iuodes  of  interest  in  the   travelirg-\;ave  tute.      In  order  to 
insure  stalole  operation  in  this   application  it  is  necessary  that  the  node  v;hich 
interacts  uith  tne   electron  bean  "be  v;ell   isolated  in  phase  velocity  from  an^'  other 
mode.      It   is   therefore  desirable  to  determine  how   the  different  real   solutions   of 
Eq.    (1.1)   are  related  to   one  another,      The  major  part   of  the  present  \;ork  is  con- 
cerned v;ith  precisely  this  problem. 

In  order  to   study  the  solutions   of  Eq.    (1.1)  v/e  have  investigated  the 
functions   on  the   right-hand  side   of  this    equation,      With  the  plus   sign  before   the 
radical,    the    (n  +  l)st  function  lies   belo:/  the  nth  for   all  positive   and  negative   n. 
A  graph  of  these  functions   for  n  =  0,   ^  1,   t  2,   _  3  and  ex  =  i  is   sho\m  in  Fig.   1. 
\i\\en  the  functions  are  positive  monotonic   decreasing  as   is  the  case    for  n  S  0,    the 
solution  for   the   (n  -  l)st   function  is   a  larger  v   (smaller  phase  velocitj/)   than  the 
solution  for  the  nth  functiono     For  n  =  +  1  and  C  <  1   there   is  just   one  solution; 
the  corresponding  value   of  v   is  of  course  even  smaller  than  the  n  =  0  solution. 


For  n  >+  1   and^'>^<  /n(n  -   1)    the   functions  are  negative;      in  this   case  there   is   no 
solution.      With  the  negative  sign  before  the  radical,    the  functions  are  ordered  in 
precisely  the  same  v/ay.      In  fact  one  can  obtain  the  negative-sign  functions  from  the 
positive-sign  functions  by  replacing  n  by  -n  and  changing  the  sign  of  the   function. 
For  n  5  -2  and '>  i  1  the   functions   are  again  positive  and  monotonic   decreasing;      a 

solution  i,;ill   exist   if  and  only  if     -i^  <     ^  (-— )   ;      in  this  case  the  solu- 

jy  n      -    1 

tion  for  the  (n  -  lyst  function  corresponds  to  a  larger  v  than  the  solution  for  the 

nth  function.   For  n  =  -1  and  ex  <  1  there  is  no  solution  for  larpe  —  ;   for  s-af- 

,-<  ex 

ficiently  small  -^  ,  ho\;ever,  there  are  t-;o  solutions.  Finally  for  n  >  0  the  func- 

tions  are  negative-valued  so  that  there  is  no  solution.   In  general  one  can  achieve 

the  best  isolation  of  the  phase  velocities  of  the  different  modes  by  choosing  yv  as 

small  as  is  practicable. 


The  above  conclusions  for  n  =  0  and  for  sufficiently  large  n  have  been  established 
rigorously.   The  in-bet\;een  cases  are  conjectures  based  on  graphs . 


8. 


It  is  hoped  that  the  ahove  ahhreviated  description  of  the   functions  on  the 
right-hand  side   of  Sq.(l)   v;ill   suffice   to  give   the  reader   an   idea   of  the   type   of 
results  v;e  have   sought   to   ohtain.      A  more  coLnplcte   description  of  these   results   uill 
he  found  in  Sec.   10. 

In  practive,    the   zero-order  mode   is  used  to  interact  v;ith   the   electron  "bean 
The  phase  velocity  for  this  mode  is  alv/ays   sandv/iched  in  betv;een  that  of  the   (n  =  1)- 
mode  and  that  of  the   (n  =  -l)-mode.     The  solution  for   the  zero-order  mode  can  he 
read  from  the  graph   in  Fig.    2.      In  order  to   obtain  the  wave-length  alonj  the  guide 
one  uses  the   formulas 
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For  values   of  —  <  0,2,    the   solution  of  Eq.    (1,1 )  with  n  =  0   can  he   ar^TDroximated  hy 


which  gives  an  approximp.te  v/ave-length  of 
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This   is  precisely  whst    one  wo^ild  ohtain  if  the  -.mve   folloi;ed  the  helical   \;inding3 
in  the   cylinder  \rith  its    free-space  velocity. 

As   we  have   seen,    for   sufficiently  large  negative   n,   Eq.    (l.l)  has  precisely 
t\;o   solutions  for  each  n.      These   solutions   are   close   together   and  for  sma-llo^give 
a  sort   of   fine-line  structure  to   the  phase  velocities.      A  first   order  approximation 
to  these   solutions   is 
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o«.   (LiL.  •+-  1) 
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(1.5) 


2.  Mathematical  Formulation  of  the  Problem. 


For  a  monochromatic  source,  the  electromagnetic  field  inside  of  an  infin- 
itely long  circulcJ  cylinder  (  r<a)  can  be  represented  in  the  form* 
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See  J,   A.    Stratton,   Electromagnetic   Theory,   p.    52U,   McGrav/-Eill,    I9UI. 
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In  these  relations 
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k''  =   6  M  t-^   , 

and  the  prime  denotes  differentiation  v/ith  respect  to  the  argument  If^r.   J  is  the 
Bessel  function  of  the  first  kind.   The  field  oztside  the  cylinder  ®  (r  >  a)  is 
the  same  except  that 
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K  '  ^--^ 
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Here  H        is   the  Kanlcel   function,   H       =  J 
n  '     n  n 


ii^i 
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Without  loss  of  generality  v;e  shall  limit  ourselves  to  waves  traveling  in  the  posi- 
tive z-direction,  tliat  is  to/S  with  real  part  greater  than  or  equal  to  zero. 

It  is  assumed  for  the  idealized  helical  wave  guide  that  the  electric 
field  tangent  to  the  cylinder  surface  is  continuous  at  the  surface,  that  the  com- 
ponent of  the  electric  field  in  the  helical  direction  vanishes  on  the  surface  and 
that  the  component  of  the  magnetic  field  in  the  helical  direction  is  continuous 


10. 

at   the   surface.      The  helical   direction  at   the  point    (a,    0,    z)   can  te    designated  ty 
the  vector 

s      =     Ov     +/v^+*'*v 

—  r  ©  z 

i/here,   as   before ,  •'-'■   =  5- —   ,   a  "oeing  the  radius  of  the   cylindrical   guide  and  d  Taeing 
the  distance   "betv/een  turns    on  the  helix.     The  boundary  conditions   can  then  be  ex- 
pressed as 

£(a+)«    s     =     0  =     E(a-)    •    s 


E(a+).   V     =     3(a-).   v  V  (2.U) 

H(a+).    s     =     K(a-)  .  s  ! 


for  r  =  a  and  all  values    of     9  and  z. 

Since   the  equations    (2.U)    are  valid  for  all  values   of  9,    they  are  like- 

v/ise  valid  for   the  Fourier   coefficients    of  these   quantities   taken  v/ith  respect   to 

0;      that    is,    they  are  valid  for  the  corresponding  bracketed  expressions   in  Sq.(2.l). 

The  boundary  conditions   can  therefore  be  '.written  for   each  n  in  terms    of  four  line-ar 

homogeneous   equations   in  A*    ,  A     ,   B      ,   B     , 
^  ^  n         n  '      n   '      n 

These  equations  are 

(0    -     ^-)  J     A^     -  i^' J'   3^  =0 

(o-E^)  h^i)a2>1-I^h^i^'b2  =0 

yc:         n       n  Y       n         n 

J     A^  -H^^V  -     =0 

n     n  ,  n       n 

Zi^     J,   A^   _   id    -  ^)   J     B^  .  ^4-.^^'^'^'  -    (o    -  ^)  H^^  V  =  0  • 

,<(  cj  Y       nn  ^Snny-i-tjyn         n  ^2n       n 

o    a  /)   5. 

In  order  that  there  exist  a  non-trivial  solution  the  determinant  of  coefficients 
must  vanish;   this  leads  to  the  condition 


^  ^  /  J'(-a)  H^^^'(u) 

O   _  n,'3   +  /-  n     n 


^^     u^k  ~\'        u^  J  (u)  K^^^(u) 

n     n 


(2,5) 


where  u  =  /a  and  c?'- =  ka.  To  each  solution  u  of  Sq.  (2.5)  there  corresponds  a 
natural  mode  of  the  helical  \/ave  guide  which  can  be  propagated  (i.dth  or  without 
attenuation)    do\;n  the  guide. 


11. 

In  order  that  a  mode  "oe  propagated  dov;n  the  guide  without    attenuation  it 
is  necessary   that  /?  "be  real-valued. 
Now  ty  Sq.    (2.2)  

Hence  f.  v/ill   "be  real-valued  if  and  only   if   Y  is   either   imagiiiary-valued  or   real- 
valued  and  less  than  k. 

We   now  show   that   there   do  not    exist   any  real-valued  solutions     u  =  /a 
of  Sq.    (2.3)   less  than  ak.      Since,    in  this  case,   "both  -a  /(5  and     ^r/   2       are  real- 
valued  it  v;ill    oe  sufficient   to   show  that 

n 

is  not  real -values,   ilow  J'/,   is  real -valued.   On  the  other  hand 

n/J 
'    n 

J'   J     +  iP  II     -  i   (J'  H     -  IV   J    ) 
n     n n     n n     n         n     n 

2  2 

J       +     IT 
n  n 

Since   the  Wronskian  of  the  Bessel   functions,   iT     and  J    ,    is 

•     n  n' 

J'   fl     -  i^'  J     =  -  -^    y  0   , 
,,  -,'      n     n         n     n  ttu     '         ' 

it  follov;s  that     ""^^   /'£.     is   alv/ays  coapl ex-valued. 

All   of  the  no n- attenuated  modes   of   the  helical  wave  guide   therefore 

correspond  to   imaginary  values  of  Y  ;      the  phase  velocity  of  these  nodes  is  less 

than  the  free-space  velocity   01    the  electronagnetic  v;ave.      It  will   he   convenient    to 

rewrite  Eq.    (2.5)      in.  terms    of  the  variable  v  =  -iu  and  the  modified  Bessel   f\inc- 

tior.s   I    (v)   =   i    '  J    (u)   r.nd  K  (v)  =  — ^r-     i     ~  E        (u).      Substituting  these   functions 
n  n  n  2  n 


n 

J'   +  iil' 
_     n           n 

H 
n 

J     +  ill 
n           n 

in   (2.5)   and  using     ^ 


V 


'^"^12     _    i   -,   ^     v2       1/2 


1 ~    \  =       1  + 

k2  I  I        .>M 


■iV 


2 


-n   '    .        ,  V.2    I  /      Ii^"')  Ki(v) 


'    IM^)     I  1    /-  ^ ^ .  (2.6) 

V-     -  "^        -  v/         v"^  I    (v)  K   (v) 

*  n  n 

We   shall  "be   concerned  only  v.-ith  the  real   solutions    of  Sq.    (2.6) 


See  G.   I\.    Watson:    Iheory   of  3essel  Functions,      p,    76 
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The  field  equations  inside  the  guide  (r  -^  a)  for  a  mode  corresponding  to 
a  real  solution  of  So.  (2.6)  are  found  from  (2.1)  "oy  inserting  I  {  /r  I  )  and  taking 
the  n''  term.   They  are 

3..    =        :;  ;-^    C    !•(  irr!)  -    ^l     (;  ^rl)     !  .-■?, 


r  "^    ■    .        n     n'  '        "  2         n   ''''•-,     n 


k 


-r  " 

E     =     +Cil(,Yr|),AF  (o  -r\ 

'         ^  ^    r  J 

E     =     I      (  i  <■  r  I )  ? 
z  n  n 


/-.I'(\ra|)  K   (|ra|) 


'jhere  t:  =   /r—  is   the   im"Dedance   ot   the  nedium  in  olims   and  C     -   /   — = — / ^   ,/, ,- r- 

\      ■/  t  "  1^      \-         I    (  |raj;   K'(.|ra|) 

C      is   evaluated  "oy  using  the  fact    that    only  the   ratio   of  the  constants   in   (2.1)    can 

■be   determined,    since   the  amplitude   is   arbitrary,    and  lay  apijlying  the  boundary   condi- 

tion     £j(a-)    '3  =  0      to   calculate     -~     .      In  Eq.    (2.7)    the  upper   sign  refers   to 


solution  of  Eq.    (2.6)   v.'ith  a  jlus   sign,    \'hereas   the  lover   sign  refers   to  a  minus- 
sign   solution  of  Eq.    (2.6).      These   field  equations   correspond  to    linear  comoinations 
of  the   familiar  transverse-electric  and  transverse-magnetic  modes  present   in  ordin- 
ary wave  guides. 

3.    The  Zero-Order  Mode. 

In  the  t ravel ing-uave   tuhe,    the   zero-order  mode  has    Deen  used  to   interact 
uith  the   electron  beam.      Eor  this   reason  and  Tsecause  the   zero-order  mode   is   some\;hat 
typical   of   the   other  modes,    the  present   section  will  be   devoted  to  a   descriptive 
discission  of   the  case  n  =   0. 

For  n  =  0,   Eq.    (2.6)   becomes 


/-      I'(v)   K'(v) 
(  o o 

V      v-  I    (v)  K   (v) 


.  -  -  /  ,_\.r  .  (3.1) 
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/  where,  as  "before,  v  =-iY^a.   We  shall  study  the  .solutions  of  this  equation  v;ith  the 

help  of  the  function       

;-I'(v)  K'(v) 

It    is   clear  that    the  set   of  values   of  v   for  which  \i   (v)    is  equal   to   either      o      or 
_  -^     is   a  solution  of  Eq.    (3.1).  '^ 

As  ue  shall  see,   v/  (v)   is  a  positive  monotonically  decreasing  function 
-^  of  V  for  V  -^  0.     As  V  ■becomes   infinite,    the   graph  of  v   (v)   approaches   the  v-axis 
from  ahove.      Figure   2  is   a   graph  of  the   function  v;   .      The   function  has  a  logaritlimic 
singularity  at   the   origin;      it   is   regular   at   all  points   along  the  positive  v-axis. 
The  asymptotic  expansion  for  u     is   of   the  fom 

-      ^^^^    =7    "it    T        ••••  ^3.3) 

v-^ 
This   expansion  holds  very  \ieH   even  for  values   of  v   of  the   order  of   2   or  3.      It   is 

apparent   from  the  asymptotic   expansion  that   for   small     —  ,    say  less    than  0,2,    the 

solution  to  Eq.    (3«l)  can  "be  approximated  as   in  Bq.    (I.3). 

The  field  equations    inside   of  the  guide   or   the  zero-order  mode  are 

simply 

t 

\     ^-'%   \   (/^rUr^F^    ;  H^  =     I^    (,/r|)     F^        . 

1^(1  raj)     i:^(  jx-aj) 
uhsre  C^  -,      x    (l  "^'al  )     K    (l  x  al)  '      '^'^^   factor   i   can  "be   interpreted  as   a  phase 

advance   of  a   quarter  of  a  uave-ienght    (i.e.      X   Ih)    in  the   E-direction.      In  -oractice 

z'  '- 

C      is  close   to   one.      V/hen  this    is   the   case,    tiie  E  and  H   fields   differ   only  hy  the 
factor  /)  and  the   fact  that   E  lags  H  "by  a   quarter  of  a  v/ave-length   in   the   z-direction. 
Sectional   drawings   of  a  zero-order  E-field  are  shown  in  Fig.    3;      a  graph 
of  E^   as  a   function  of  r   is   given  in  Fig.    U.      The  parameters   for   the  helical   wave 
guide   illustrated  in  these   figures   are 

(,  _     1  ,^  1 

■-     T&       ■  If 


ti 


J-i-.':.;s 


/     « ■  ■:'[ 


'ic- 


■..■•■;    V 


/.r" 
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The  helical   uinG.inf:s   form   a  left-hand  scre\;  thread  for  v;hich     d/a  =  ^    =0,39 

lo  ^ 

As  can  easily  "be  computed  from  Fig.    2, 

a?r=  3.95   i 

Hence 

A 
/i'/k     =  r^  =   15.8  and  C     =  O.87S 

'A  0  -^ 

Z 

Fig.    3   shows   the  E-field  for   only  half   of  a  v;ave-length  since   the   remaining  half  is 

the  same   except  for   sign. 

h.  Mathematical   Introduction  to   the  Disctission   of  Higher  Modes. 

V7e  are  interested  only  in  the  non-attenuated  electromagnetic  modes  propa- 
gated along  a  helical  \;ave  guide.  As  v;e  have  seen  in  Sec.  2,  these  modes  correspond 
to  the  real   solutions  of  the  equation 


^=-^^     -/"-fTTTTTT  ir.-0.tl.l2,.)     UM 

V  \,        V     I    (v)  K   (v) 

n  ^22 

where /S  is    the  positive   square   root   of   (k     -X    ).      Vv'e   shall   study   the   solutions   of 

these  equations  "by  investigating  the  functions  on  the  right-hand  side   for  v  -  0. 

For  the  modified  Bessel  ftinctions 

I^(v)  =  c,  ^  I,.(v)     and    K  .(v)  =  c^   K  (v) 

^'''     ''  "^^       ^'''     ^    I'(v)  K'  (v) 

v/here  c^    and  c^   are  constants.   We  can  therefore  replace   ■■"^.  , — ^  ,^   , — >:—   ty 
l,n      2,n  I   (v)  K  (v)     '' 

— n  — n 

I^(v)     K>(v) 

= — J — r — r^A — r     .      This  permits  us   to  consider  the   solutions   of  Eq.    (2.6)    for  iDOsitive 

i       ^  V  J  A      VV  J  -1  i 

n  n 

and  negative  values    of  n   simultaneously   oy  finding  the   real    solutions   of 

;:  ^         /  '  I  Tv  Tk  ■f'Tv ) 

-^--"4--r-2 (n=   0.1.2 ).        (U.l) 

^  v'Tc        \/       v"^  I    (v)   K   (v) 

*  n  n 

If  the  plus    sign  holds   on  the  left   for  a  solution,   then   the  solution  corresponds   to 

an  n-mode,   v/hereas   if   the  minus   sign  holds   on  the  left,    it   corresponds   to   a   (-n)- 

mode.      Hence   aside  from  sign,   v/e  need  only   study   the  tuo   sets   of   functions 

I'(v)   K'(v)  /  2 


•         v2  I    (v)   K   (v)  v2    V            c<^ 

"" I  (U.2) 

/       I'(v)   K'(v)  j              2 

^'''        J         v2  yv)  yv)  vV           «2 


:^r  n  =  OJ    ?  and  v    >  0   . 
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\-Ie   are  interested  in  W.   (v)    (j  =  1,2)  as  a  function  of  both  n  and  v. 
As  a  function  of  n,  \:e  shall  show  that  the  function  \L        is  monotonic  increasing, 

\;hereas  the  function  ''„   is  monotonic  decreasing.   This  tells  us  that  the  modes 

c:,n 

are  separated,  and,  vhen  the  functions  ai'e  monotonic  functions  of  v,  that  the  solu- 
tions of  Eq.  (U.l)  are  themselves  ordered. 

V/e  have  also  tried  to  discover  the  Dehavior  of  the  functions  as  v  varies. 

In  this  \ie   hai'e  oeen  only  partially  successful.   It  is  easy  to  show  that  V^   (v) 

l,n 

is   a  positive   monotonic   decreasing  function  of  v  approaching  the  v-axis   asiTnptotic- 
all5'  as  V   — *    oo.      Our  most    importaiit   result   for  the  other  set    of   functions   is   that 


for  CA  <  /nCn-l)      (n-2)    ,    '.v'       (v)    is  a  negative  monotonic   increasing  function  of  v 

c:,  n 

approaching   the  v-a:x;is   asymptotically  as  v  — >  oo  .      When  the   f-unction  is  monotonic, 

there   exists    either  no   solution  or  exactly   one   solution  for  Eq.    (U. 1)    depending 

simply  on  the   initial  value   of  the   function  for  v  =  0. 

The  principal   difficulty   in  handling  the   functions  V7 .      (v)      (j   =  1,2) 

J  f  n 

stems  from  the  fact  that  the  Bessel  f'unctions  appear  under  a  radical  sign.  iTow 

/_  I'(v)  K'(v)  ,    , 

/    n     n  I '  f  V ) 

/  — p is  the  geometric  mean  of  the  functions    n   ' 


n 


an<i       E:.t(v) 


n 


-r — T— V    ;      this    suggests   that  \re   v/ork  with  the   functions 

V-''-.    \v ) 

T      I'(v)  -      K'(v) 

n  n 


instead  of  /        t  ic    ^  t-i^    ^ 


""  V  v'^   I    (v)  K    (v) 

n  n 

There   is,   hci.'ever,    a  very  good  physical   reason  for  adopting  this  approach. 
If  we   choose   slightly   different   boundaj-y  conditions   for  an  idealized  helical  vave 
guide,    nauely,    conditions   \;hich  isolate   the   fields   inside   and  outside   the  guide*      , 
then  v;e   ootain  instead  of  Eq.    (2,6)   the   equation 

S  -   n       ^     .        ^A^-'  ■  ,,  , 

for  the  modes   inside   of  the  guide  and 

O      _  -   n      ,^      +       n^  /I    ^\ 


*0n  the   cylindrical  g-uide  both  L  and  H.  are   taken  to   be    zero   in  the  helical 
direction. 


IS. 

for  the  modes  outside  of  the  guide.   It  is  intuitively  clear  on  physical  groimds  that 
the  phase  velocities   and  hence  the  solutions  of  Eq.  (2.6),(U.5a)  and  (U. Sh)  )  for 
corresponding  modes  in  the  three  different  types  of  helical  guides  should  "be  close 
together. 

In  all  frankness,  however,  it  sho-old  "be  stated  that  for  the  authors  of 
this  paper  the  main  suggestion  for  attempting  this  approach  came  from  the  fact  that 
in  an  earlier  paper  "by  one  of  them*  the  field  inside  the  modified  helical  guide  had 
"been  successfully  dealt  uith  by  studying  equation  (U.5a).  The  resvilts  of  this 
earlier  paper  essentially  comprise  sections  5  ^''^'^   6. 

The  first  part  of  cur  development  uill  therefore  not  he  concerned  with 

the  f-onctions  W,    and  "v/_    ,  tut  rather  \;ith  the  fimctions  associated  \;ith  Eos. 
i,n       2,n 

(I+.5a)  and  (U.5b): 


(U.6) 


and 


Y,   (v)  =y  (v)  ..  B^  /  1  -.X- 


I   (v)  =  y  (v)  -  —  /  1  +  — 
2,n^  ^    -^n^  ^      21/       .2 

V       o< 


(U.7) 


As  v;e  shall  see,  both  tho  methods  and  the  Lnaxhinery  developed  for  the  X's  and  Y's 

will  be  applicable  to  the  VPs. 

Section  5  is  devoted  to  a  study  of  the  functions  X,   and  Y,   .  It  is 

T.,n  l,n 

shoim  that 

Vl      >  -\  ^^-  ^n-^l      >     ^n 

w'e  obtain  as   an  immediate    consequence   of  this  not    only 


but   also 


X-       ,,      >     X,  and  Y,      ^,      >     Y, 

l,r+x  l,n  l,n+l  l,n 


l,n+l  l,n 


*  5..    S.    Phillips,   A  Helical  ".fave  G-uide,   llev;  York  Uni\'ersity ,   \7ashington  Square 
College  Mathematical  Research  Group,    special   report  Eo.    I7O-2. 
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It    is   also    shown  in  Sec.    5,    that   ::^  and  y^   (and  hence  v;^)   are  positive  monotonic 
decreasing   functions.      From  this   it  follows   that  X  Y  and  \!  are  positive 

monotonic   decreasing  functions   of  v. 

The   functions   X         and  Y  are   treated  in  sections   6  and  ]   respectively. 

It   is   first    shoim  that 

Vl     ~     ""n  <     ^^^^     ^""^      ^n+1  -  ^n  <     ^/^^        •        ^^'^^ 
One  obtains  as  a  consequence   of   (U.S)   that 

^2,n.l     <     \n         -^       ^2.n-l      <     ^2.n       ' 

In  order  to  prove  that  ir       ,.      <     W„  ,   \'ie   sho\r   in  Sec.   9   that 

"■  2,n+l  2,n      ' 

(   Vl     "     "n   ^    <     ^/^^     •  ^^-5) 

In  this   case,    hov/ever,    the    inequalities    of   (U.S)   are   not   sufficient   to   give    (U.9); 
it    is  necessary  to  derive   a   stronger   result,   namely, 

^Vl     -     \^     -     -    ,  ^"-'^     ^Vl     -  ^n^   <  -    


v'-     /                    2  "         V-     /                       2 

These   inequalities  are  ootained  in  Sec.    C. 

3y  fa.r  the  most   difficult   theorems   in  the  present  paper   are   concerned 

M it'll  the  "behavior  of  X^        and  Y          as    functions   of  v.  It   is   sho\m  that   for  ex  <  n, 

£,n  d,n  , 5 

X          is   negative  and  monotonic      increasing;      for     n   <  c>   <  /n(n+l)'"    (n+2)    ,      X 

has   a  single  maximum;      and  for     Jn{n+l)^   (n+2)     ^    c< ,  X         is  positive  and  monotonic 


decreasing.      Like\;ise   for  ex   <    ,/n(n-l)      (n-2)    ,      Y  is   negative  and  monotonic 

c,n 

li  /    ^  ^~^ 

increasing;   for  yn(n-l)'^  (n-2)  <  j<.  <     n,  Y     has  a  single  minimiam;   and  for 

<;,n 

3^1  -^  "*•    ,      Y  is  positive   and  m.onotonic   decreasine.      These   results   are   summarized 

c,n 

in  Figs.    6  and  8, 

Let  us   define 


d 


(^^(v,o^)  =     ^J   1-^1^  .  (U.IO) 
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Then  as   an  ionediate   consequence  of  the   aDove  theorems,   v;e  obtain  the   I'ollowing   in- 
equalities:   


(^^(v,/n(n+l)    )      <     x^(v)      <      q)^  (v,n)      , 


(v;    (v,n)      <     y   (v)     <    (/}  (v,  Vn(n-l)      )      , 

^"^^  (li.ll) 


V^(v.n)      <     x.(v)     <     C^l^^^    Vn(n-M)2(n.2)  ) 


^"nCv,   Vn(n-l)^   (n-.2))  -<     y^(v)      <   (^^^  (v.n)      . 


for  V  >  0   .      \le  have  made  use  of  these   inequalities   in  Sec.   9   in  order  to  study  the 

oeliavior   of  l.'  as   a  function  of  v.      In  this   connection  the  strongest   result   v/hich 

2,n  ^ 

v;e  -..'ere  acle   to  ootain  uas   that  W       (v )    is  negative  and  monotonic   increasing  for 


c/-.-     /n(n-l)      (n-2)    ,     and  positive  and  nonotonic   decreasing  f  or  cx   >     >/n(n+l)    (n+2)    . 
We  have  attempted  to  fill   in  the  gap  by  means  of  graphs   for  the  cases  n  =  1,2,    and  3. 

Practically  all  of  our  results  have  "been  obtained  from  a  study  of  the 
differential   eo;aations   satisfied  by  x      ,   y      ,   and  associated  functions.     5y  mpking 

use  of  the  defining  differential   equation  for  the  Bessel   f-'jx.ctions ,    one  readily 
finds   that   these     differential  equations   are   of  the  Hiccati   type.      For  most    of   our 
arguments   it    is  sufficient    to  deternine  the  vector  field  induced  by  the  differential 
equation  along  the  v-axis.      Tor  example,    a  function  uhich  is  positive    at  v  =  0  can 
become  negative  only  "oy  crossing  the  v-axis  with  a  non-poaitive   slope;      if  the   differ- 
ential equation  satisfied  by  the  function  has  a  positive  slope  for  all  v  >  0,    then 
Me  may   conclude  that   the   function  is  positive   for   all  v  -  0.      Only  the   theorems   con- 
cerned v;ith  a  cJieracterization  of  X„        and  y„       as   functions    of  v  require  a  more   de- 

2,n      2,n  ^ 

tailed  investigation  of  the  vector  field. 

"^o  The  Functions  X,   and  Y^ 
\L,n l,n 

As  in  section  U,  \;e  let 


and 


_  ,   I.(v)         __    ^  K;(v) 

^n   V  I  (v)   •   "^n   ~  V  K  (v) 
n  n 


\.rS-'->  -  \    /  ^  ^i  *  ^n(^'   . 


(U.3) 
(U.6) 


v"^  •     CX' 


•       V      c^ 
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It  v;ill  lie   shoi/n  in  the  -present   section  that  X,        and  Y,         (n  ^  l)   are   of  the   order 

i ,  n  1 ,  n 

of  —J-     i'or  V  near  zero,   are  aK'ays  positive  and  monotonic   decreasing,   and  their 

V 

graphs   approach  the  real  axis   asymptotically  as  v  approaches    infinity.     Moreover, 

it  \7iil  he   estahlished  that   each   of  the   seouences   of  functions  X,        and  Y  is 

l,n  l,n 

an  increasing   function  of  n. 

In  order  to  demonstrate  the   theoreins  uentioned  acove,    it    is  necessary 

to  prove   similar  resiilts   concc^rning  the   functions  x     and  y 

If  use   is  luade   of   the   fact   that   I    (v),   K   (v)   satisfy  Bessel's    differ- 

n  a 

ential  equation,  it  is  readily  seen  that  the  functions  x  ,  y  satisfy  the  following 
Riccati  differential  equatiions: 


n  _     2 

—7—      =   -  X    V 

dv       n 


2     a.  1  ^  n 
v   n     V    3 


(5.1) 


dy. 


n  _  ,  2      2       1 
—  —  y   v  —  —  y  —  —  — 
dv      n      V   n   v 


(5.2) 


The  expansions  for  x  ,  y  near  the  oripin  are: 

n   n 


n    2 

V 


1  +  -^. — ^  (1)  _ 


n 


2_  h  +   2    {''-) 
2  !  ^   HI^IITT  ^2^  ~ 


1  2^2' 


n(n+l)^  (n+2) 

g 

n(n-l)2(n-2) 


/V  X 

\  —  )     + 


(5.3) 
(5.H) 
(5.^a) 


.2  ,   ty 


V  log 


2 


(5.^t) 


uhere  log  X  =  .577. 
The  asymptotic  expansions  for  x  ,  y  are: 


n' 


1 

X     =   — 
n       V 


2v 


1/2       1  •,      1.1/2        , 
2   (n     -  j^)   _  -.  -  (n     -  14 


V 


(5.5) 


1 

V 


2v 


1,1/2       Ivl  1,2       ,sl 


(5.6) 
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These  expansions  v;ith  the  exceiotion  ol'  (^.U.a)  and  {5.l4b)  can  he  ob- 
tained directly  froxn    ('i.l)    and  (3.2).      2he   exparisions    (5.Ua)  and   (5.'lh)   are  found 

•jith  the  aid  of  corresponding  expansions  for  K   ,  K,    and  K^. 

0        i  d. 

Eqs.    (5.l)-(5«6)   enahle  us   to  estaclish  a  series   of  lemrr.as   from  \/hich 
our  principal  theorems  will   follow. 

Lemma  1.      ^     is  a  positive  monotonic  decreasing  function  of  v   for 
all  V  >  0. 

3y  3q.  (5.3)f  -\  is  positive  for  sufficiently  small  v.  Moreover,  • 
from  Imov/n  properties  of  3essel  functions,  x  is  an  analytic  function  for  v  >  0. 
Consequently,    if  x     ever  bucoLies  net^ative,    there  er.ists  a  smallest  v,    say  v    ,    such 

that  X   (v    )   =   C.      By  Eq.    (5.l)  v/e  v;ould  have 

n     X 

dx  -  2 

(-^)  =     1     +     ^     >     0     , 

^vv=v^  ^1         v3 

That   is   to   say,   x     is   an  increasing  function  of  v  at  v   .      But   this   is   contrary  to 
tne  fact  that  x     is  positive  for  small  v.      Therefore  x     is  positive   for  all  v   >  0. 

The  second  part  of  the  lerjna   is  proved  in  the  following  \/ay.     Equation 
(5.3)   shows   that  -~     is   negative  for  small  v   >  0.      Fiorthermore   the  derivative  of 
Eq.    (5.1)    is 

d^  , 

—  |=-(2x     v+2)  _n  2     ^_|^       __^_     _2n2 

,2  ^       n  V  dv  n  2     n  ?  u         •  w.  / /< 

dv  V  V  '  V 

^     ""-^ 
■f  n  .  .     .  ,  ^ 

-^    1/ere   ever  to  vanisn,    sa;y'  at  v^,    then  Eq.    (5.I)   combines  with  Eq.    (5.7)   to 

a  ive 

2^/  =      -  2  x.Jv^)   _     ^     <     0. 

o-v      •   ,,  -  vi  ^1 

dx 

Hence,    if     n.     were   to  vanish  at  v^,    it   would  have   to   chanfCe  from  positive   to   nega- 

dv 
tive  values.      Again  this    is    contrary   to   tr.e   fact   that     ^fn     is      initially  negative. 

dx^  'iv 

Hence  -^^  must  be  negative   for  all  va?uues    of  v   >  0. 


23. 
Lemma  2.      x     <  x  _^,    for  all      n  ^  0   and     v   ^  0   . 

Let  /.AX  =  x^_^^   -  x^   .      By  Eq.    (5.1) 

^i^=     -  V    (x  ^,   +  X   )  /^x  -     ^L\x     +     ^  .        (5.8) 

dv  n+1  n  V  y3  •        \^."/ 

By  Eq.    (5.3)1-^^  oehaves   like     i_.     for   small  v.      Furthermore,    it   cannot  becorne  0, 

V 

since  if/Csx  should  vanish,    say  at  v  =  v,  ,    then  Eq.    ((5.t>)  "becomes 

d(Z\x)      _        2ni-l   ^   „         - 

-^^ -      :^—  >  0        for  V  =  V,         , 

av  3  1        * 

\7hich  is  impossible  since  Z^x  is  initially  positive. 


V   >  0. 


LeraL'ia  j.   y     ii  ^  positive  monotonic   decreasing  f-Jinction   of  v  for  all 
By  Eq.    (5.U),    y      is  positive   for   small  v,    it   is  an  analytic   function   of 


v   for  V   >  0.      If  y     were   to  become  negative,    there  uould  exist  a  v  =  v,    such   that 
y   (v,  )   =  0.      Equation  (5. 2)   for  this  value  of  v  becomes 
/dy  \  T  2 

l  .1 

Kence,    although  y     covJd  presu^.ably  become  0  and  take   on  negative  values,    (5.9) 
shovrs   that   if   it   did  so,    it   co:-ld  ..ever  become  positive   again.      By  the   as^Tnptotic 
fomula   (5.6)   bouever,   y     a-oproaches   the  v-axi&   from   above   as  v  a-oproaches    infinitv. 
This   behavior   is   consistent   onl;/  uith  the  assumption  that  y     >  0  for   all  v   >  0. 

To  go  on  to  the  second  part   of  the  lemma,    ue  see  from  Eq.    (5.U)   that 

dy^ 

—^   is  negative  for  v  small.   Differentiating  Eq.  (5.2)  v;e  get- 

av  V  V 

dy 
For  any  v  =  v,    for  which     _J^  -  0,    equations    (5. 10)   and   (^5.2)   combine  to  give 


i         '■'■I  —     ^       2    /      \    ,      2n       ,    ^ 


Hence,  if  —^z;-    vera   ever  to  vanish,  it  must  change  from  negative  to  xjositive 

^^n 
values.   That  is  to  ssj   if  -^—  ever  oecomes  positive,  it  must  remain  so.   This  is 

inconsistent  v;ith  the  asymptotic  "behavior  of  y  as  v  approaches  infinity,  as  seen 
from  (5.6).   Hence  —^   is  negative  for  all  v  >  0. 

Lemi.--a  h.   y  <  y  ^.    for  all  n  1  0   and  all  v  ^  0. 

Let  /Ay  =  y  ^-y   -  y   -     Equation  (5.2)   yields   the  differential   equation 

for  l^  y,   nainely, 

If  JS^j   were  ever  to  vaniel; ,  sa;"  for  v  =  v^  ,  then  Eo^.  (5. 11/  reduces  to 
( d(  /\  y )  )       _    2n+l 


dv     /  v=   v^  ^3 


<    0  .  (5.12) 


AgainZ^y  behaves   like     —  for   snail  v   >  0.      If  Z^y  './ere   ever   zero,    then,    ty  Sq. 
(5.12),    it  v/ould     thereafter  i^ave  to   remain  negative.      This,   however,    is  impossible 
since    (5-6)  yields 

C^y  -  -3 —    —  +  •  >     0     for   l&xge  V. 
v-' 
Hence  Ziy   is   always   positive. 

Lemmas  1-4  allow  us  to  prove  the  folloi/ing  theorems. 


2 
Theorem  1.      X,           =     -Tr/1+— ^+x     is   a  positive  monotcnic   decreas- 
-i- ,  ^'  V      "         o-  ^ ' 

i.:ig  function  of  v   for  a.11   v   >  0  and  all  n  2  0. 

X,        is   clearly  the   sum  of   t\;o  positive  monotonic   decreasing  functions 

of  V. 

In  the   same  way,   we  liave 


ri    L    ^  V 


Theorem  2.      Y.,        -     — ;^,/l  +  -rr     +  y     is   a  laositive  monotcnic  decreas- 

ina;  function  of  v  for  all  v   >  0  and  all   n  _   0. 

If  now  Ax  be   defined  by  the   eojaation 

l,n-^l  l,n      ' 


25. 


then, 


2  - 


Aji  = 


1  + 


1/2       . 

+     A  X      . 


V 


Z\  X  is   therefore  seen  to   "be   the   sua  of  t'./o  positive    functions,   \;hich  proves 

Theorem   3.      X,           <     X^      _^^      for   all  n   >  0   end  v  2  0. 
^         l,n  l,n+l 


-l.n^l        -l.n         ,P 


2-1/P 


1  + 


c<^ 


A; 


In  the  same  r:ianner,  Me   can  sho'..'  that 

is  positive,      Thus  v;3  have 

The  cram  U.        Y,        <  Y,      _^-    for  all  n  >  C   and  V   >  0. 
x,n         l,n-i-l 

A  summary  of  the  results   of  section  5   is    shoun  in  graphical  form  in 


Fig.    5- 


ir^ 


\r  ^ 


A.H^i^.l/^ijVH 


Ur~^ 


"^>,H'-h,Jl^:^^^^x 


r/c  s 


ir-^ 


26. 

6.   The  Function  X.- 
d,n 

The  present  section  is  devoted  to  a  study  of  the  functions  X   (v): 


r 


■2,n' 


^2.n^-)  =  ^\n  =  -  :^J'^^    *^^n  (^'5) 

V/e  shall  si-ou  that  th-a  fonctions  X    form  an  ordered  fanily  uith  respect  to  n. 

c,  n 

Tha  f-jnction  X    is  the  difference  of  t-;o  nonotonic  functions.   It  can  therefore 
d ,  n 

"be  expected  that  its  hehavior  is  much  laore  complicated  than  that  of  X,   .   It  is 

l,n 

possible ,  ho'./ever,  to  prove  a  theorem  characterizing  X„   (v)  for  all  values  of  the 

£11 ,  n 

two  parameters   n  and  c?<..      As   a     corollary  of  this   theorem  '.;e   ottain  upper   and  lovrer 


hcunds   on  x     and  its   derivative, 
n 


Let 

n 


\  =  -\  -  —  (6.1) 

V 

ne  readily  obtains  fron  Sqs.  (5.1),  (5.3),  (5.5)  the  corresponding  equations  for 


-^     =-X;v-|(n*l)  X^-.i  .  (S.2) 

1  ^r^ 

^r,  ~  pV-.+i  ^  ~  0 +  ...  for  n  >  0  and  v  snail,    (6.3) 

^    2^n+l.     S(n+l)2(n+2) 


nni 


rr   _  1      1   (2ni-l)   ^      -       >  r,    ^    n  / /-  ,  s 

n  ~  V  ~  2  2 —  -^  •••  for  n  £  0  and  v  large.  (6,U) 

'  V 

The  proof  of  the  ordering   theorem  is   an  easy  consequence   of   the   two 
iGllo\7ir\f   lemmas: 

Leaaa  9.   X^  is_  a  positive  aonotcnic  decreasir^   function  of  v  for   all 
v    >  0. 

Lemma  b.   X  >  X  ^,    ,    for  all   n  2  0.   v   '^  0. 
n       n+1    ' • 

The  proof  of  lemua  5   is  very  sirr.ilar   to   that  of   lecirna   1.      It   is   clear, 
from  3q.    (6.3)   that   X^  is  positive   for   small  values    of  v.      Further,    it   can  never 
vanish  for  a  positive  v,    eince   if  it   uere   zero,    say  at  v      then  by  Zq.    (6.2) 


27. 

i— r^  =  —  >  0.   Similarly,    ,  "  is  initially  negative  and  it,  too,  cannot  oecome 
\av;    V  dv 

■  •  ^  d'^X 

n      -2 
zero  since,  if  it  did  one  can  easily  sho\;  that =  -  2X   <  0  at  such  a  point. 

dv  ^ 

-he  proof  of  lemma  6  proceeds   as   follo\;s: 

Let  /^X  =  X  ^,    -  X     .      It   follo\.rs   from     Eq.    (6.3)   that /\  X  =  -^t — '^ -v- 

n+1    n  -L   \   ^/  2(n+l)(n+2) 

for  v  =  0,      Hence, /\X  is  negative  for  sniall  v.   The  differential  equation  for  Z^X 

can  easily  "be  derived  from  Eq.  (6.2). 

It  is 

M^l  =-v(x  +x,,)Z^x-  2^2:^21  Ax-  2  X   . 

dv  n  n+1  V  v        n 

Again  Ax  can  not   "become   zero,    for   if  it   v;ere  ever  to  vanish,    say  for  v  =  v      ,    then 

a(  A,    ^  p    1 

for  this  value  of  v,  — ,"  ""  '  =  -  —  X  <  0  ty  lemma  5. 

'   dv        V   n  ^ 

Theorem  5.  X„   >  X^  ^,  for  all  n  >  0  and  v  >  0. 
—         2 ,  n    2 ,  n+1 

Proof:   Let  AX  =  X_  ^,  -  X^    ,  then  from  Eq.  (U.6)  and  the 

2,n+i    d,Ti  ^ 

definition  of  Ax  ,  v^e  can  write  AX  as  follows 


.1            ~            2- 

1/2) 

C^■A     -- 

.        i     '  1   _     1    +  ^ 
2     1              "          5 
V       i           1          oc 

v^           L                   J 

U  A  X      . 

Hence  Zi  X  is  the  s-'jn   of  two  negative  functions  imich  proves  the  theorem. 

The  functions  X.,  .   are  not  necessarily  of  one  sign  nor  nonotonic. 
i_,  n 

ITevertheless ,  as  \!e   shall  sho\/,  these  functions  are  either  monotonic  increasing, 

rnonotonic  decreasing,  or  have  a  single  maximum,  depending  on  the  values  of  n  and 

The  series  expansion  and  the  asj'mptotic  expansion  of  X  o"btained  from 

the  definition  of  X„   and  Eq.  (5.3)  and  (5.5),  are: 

^2r^-^^  ^{k^     -     -^)    -  ( h tV^'"  •••    ^^-5^ 

2,n      \^2in+i;     ^^,2J         V^S(n+l)2(n+2)    So^ 


28. 

As  seen  from  Eq.  (5. 3)  .''^^''6  poles  of  — 5  V 1  +  (— r)  ^nd  x  ,  cancel  each  other  leaving 

V 

X_   reg-alar  at  the  origin.   From  1,0^.    (0.6)  it  is  seen  that  as  v  —->   00,  the  graph  of 

< 

X         approaches  the  v-axis   fron  iDelo;;  if  cX-  n  and  from  aoove  if  '^>  n.     Furthermore, 
i-,n 

froa   (6.5).    the   slope   for   sufficiently   small  v   >  0  can  "be  seen   to  be  positive  for 


k 


c=<<       i/n(n+l)    (n+2)     and  negative  othen/ise.      These  remarks  are  consistent  \/ith  the 
folloT-'ing  theorer.: 


The  or  en   6.      If  rx  <  n,    then     X  is_     negative   and  monot  oni  c   increasing, 

J 2 

and  its  graph  approaches   the  v-axis  frera  "belo\/;      if     n  <  g<   <     /n(n+l)   (n+2)    ,    then 

X^       has   exactly  one  naximum  and  no  rainima,    and  its   graph  thereafter  approaches   the 

I4  . 2 

the  v-axis   froE  ahove;      if   cK  2    ,/n(n+l)    (n+2),    then  X^       is  positive  and  nonotonic 
—  "  2,n  — 

decreasing,    and  its   graph   approaches   the  v-axis   from  ahove. 

This   theoreH   is  valid   for   all     n  ^  0   and  v    >  0.      The   theorem  is   illus- 
trated ty  the  graph  in  Fig.    c. 


l/^ 


A"/^,  ^ 


29. 


If  i;e   set 


n 


n 


2v 


'\  + 


Z   and  suljstitute   in  Eq.    (5.I),   we   o"btain 


the  differential  equation 


r  r      2 

dv  V     '.     L  V  . 


l/2 


+  1 


V 


n_ 

V 


o. 


n 

V 


ex. 


;ti72- 


(6.7) 


^*^<S) 


v/hich  is   clearly   satisfied  "by  the   function  X 


2,n 


The   differential   equation   (6.7) 


associates    a  direction  to   every  point    in  the   (v,Z)-plane.      The  point    and  associated 
direction   are   i-aio\;n  as   a  line -element.      In  psTticulax  v;e   are  interested  in  the   locus 
of   all  points   v/here   the  slope  of   the  line   element    is   zero.      Setting     —  equal   to 

7,ero   results    in  a  quadratic   equatioxi  in  Z,      The  roots   of   this   quadratic   in  Z  are 
tv;o   functions   of  v.      Let     U'(v)    oe  the  greater  and  L(v)   he   the  smaller  of  these   t\/o 
roots.      The   curves  representing  these    t\;o   f-onctions   divide  the  half  plane  v  2  0  into 


three  regions:      the  region  above  the  U-curve   in  v/hich 


dZ 
dv 


is   negative;      the  region 


hetv/een  the  U  and  L  -  curves   in  v;hich     t:—     is  -oositive;    and  the   region  "Delo\;  the 

dZ  av  -  '  ^ 

L-curve   in  v/hich     -^     is   again  negative. 

Host  of   the  proof  is   concerned  \rith  an  investigr.tion  of   the  U-and  L  - 

cur>;-es.      The  hehavior  of  the  X         c\irve  for  small  v     is  Imown  "by  Sq.    (6.5).     Vie  knov/ 

ci,n 

therefore   to  which   of  the   tlu-ee  regions  X„       "belongs    initially.      Recall   that  X 

(i,  n  '^t  ^ 

"belongs  to  the  family  of  Z-c\irves.  It  follows  that  Xp   v.dll  "be  monctonic  increas- 
ed, n 

ing  (decreasing)  until  it  intersects  with  zero  slope,  a  U-  or  L-curve,  after  i,;hich 
it  is  monotonic  decreasing  (increasing);   etc.   The  kno\/n  "oehavior  of  the  Xp   at 
infinity  ena'bles  us  to  complete  the  theorem.   It  turns  out  (rather  surprisingly) 
that  the  X    oehave  like  U  =  U  (v;  cK,  T»). 


We  "begin,  then,  '^qy   putting 
the  explicit  expressions  for  U  and  L  are 


dZ 
dv 


eq-'oal   to   zero   in  3q.    (6.7)  and  find  that 


TTT_1  1/  j.t\+A,^'^1_u21 

U,-u  -  -       -  -  (ns   +1)3/1  +  — —  +  - 


(6.S) 


c< 


30. 


\l\  +   (— )   ;  the  plus  sign  goes  with  U,  and  the  minus  sign  with  L.   It  is 


unere   s 

clear  from  Sq.    (6.8)   that  U  and  L  are   alx/ays   real  valued  so  tliat   their  graphs 
actually  do  divide  the  riglit  half-plane   into  the   three   regions   described  a"bove. 
(See  ?ig.    7) 


W-^ 


One  sees  from  Eq.  (6.S)  that  L(v)  is  the  sura  of  negative  r.onotonic  in- 
creasing terms  and  hence  is  itself  negative  aonotonic  increasing.   Furthermore,  L(v) 

has  a  pole  at  the  origin.   It  follo\;s  from  Eq.  (6.3)  tiiat  the  graph  of  X    starts 

c;,n 

out   aoove  that   of  L(v).      Furthermore    if   it   should  ever   touch  the  L(v)-cui-ve   it  ',;ould 

cross    (having  a   zero   slope    at  this  point)   and  enter  a   region  of  negative   slope.      It 

could  never  again  intersect   the  L(v)-curve   since   L(v)    is   a  monotonic    increasing 

function.      The  value   of  y._        at   this  point   of  intersection  v/ould     thereafter  be  an 

2,n 

upper  bound  for  X^   .   Since  this  value  is  necessarily  less  than  zero,  this  uould 
c,n 

be  contrary  to  the  fact  that  X    approaches  zero  asymptotically  as  v — ■>  00.  Conse- 
quently  the  graph  of  X    lies  above  that  of  L(v)  for  all  v  -^  0. 


31. 

The  quadratic  equation  in  Z  ©"btained  from  Eq.  (6.7)  by  setting  — 

dv 
equal  to  zero  can  "be  revnritten  as  a  cubic  function  of  s*  .  The  result  is 

2  ~i 
F(s)  =  ^^  Z^  s^  +  2n  Z  x^  -\  r^  Z^     +  1  _  2Z  -  ^  '  s  +  \  =  0  .    (6.9) 

To  a  given  value   of  Z  and  a   root   s  2  1,    there  is   a  v  ^  0  such  that    either  U(v)  =  Z 
or  L(v)  =  Z.      (This  value  of  Z  need  not   of  course  be  assumed  by  the   function  X        .) 

n  ^•'^ 

Since  F  (   -  00  )  =  -  co ,   F(o )  =     —  ,   and  F(cc)  =  00,    it  follo\/s  that  F(s)  has  at 

most  tiro   roots  for  \;hich  s   _  1.      Since  L(v)   takes   on  all  negative  values,    it   follov;s 

that   for  Z   <  0,   one  of  these   roots  and  only  one  necessarily  corresponds  to  a  point 

on  L(v).      Hence   in  the  region  that  U(v)    is  negative   it   must  be  monotonic.      On  the 

other  hand  for  positive  Z,    either   zero,    one,    or   tv/o   roots   can  lie   on  U(v).      Hence 

in  the  region   that  U(v)    is  positive   it    is   either  monotonic   or  has   a  single   maximum 

and  ninimum  (since,    as   is   ref.dily  shown,    the  graph  of  U(v)  approaches    the  v-ejcis 

as^inptotically  as  v    -:>  00  ) . 

To  conclude   our  description   of  U(v)   v/e  make  use   of   the   series   and 

asymptotic   expansions   of  U(v)  \/hich  ai'e   readily  obtainable   from  Eq.    (6.S). 


U(v)     = 


n       \  .-  1  n(n+2)     \  2 


^2ni5Tr     -     ^^2  I      "■    |g(n.l)3         "        8(n-M)^^| 


j_l6(n+l)^  l6(n+l)^oc^  l6(n+l)cx^J 

u(v)=  (1-5-)     1    -  (1-|.)     1_    ..  ...  .     .  (6.U) 


For  oC  _  n,  U(v)  is  negative  for  v  near  zero  and  also  for  sufficiently  large  v;  thus 
U(vj  IS  al\/ays  negative  and  monotonic  increasing.   For  n  <  ex  <  ^n(n+l)  (n+2) 
U(v)  has  a  positive  slope  for  small  v  and  is  positive  as  v  — -;  co  ,  \;hich  implies  that 

U  P 

it  has  a  single  maximum  and  no  minima.  Finally  for  ok'>_  /n(n+l)  (n+2)  ,  U(v)  has 
a  negative  slope  for  small  values  of  v  and  is  positive  as  v  ->co,  and  therefore  is 
always  positive  and  monotonic   decreasing. 


p  2 

The  change   of  variable      s     =  1  +   (1)      establishes   a  1   -  1   relationship  betvreen   the 

tv/o  half-planes   s  _  1  and  v  2  0.      The   strip   0   <  s    <  1   does  not,    of  course,    corres- 
pond to   any  part   of   the   real  v-plane.      Curves   in  the   s-half-plane   go  over   into 
curves   in  the   v-half-plane  under  a  horizontal   stretching  process;      the  property  of 
being  monotonic  and  the  property  of  iiaving  a  horizontal   tangent   are  preserved  by  the 
transformation.      It   is   for   this   reason   that  ue   shall    translate   freely  these  proper- 
ties proved  in  the  s-variable   into  the  v-variacle   v/ithout  further  mention. 


32. 

We  novf  return  to  the  function.  X„   .   A  coir"3arison  of  the  series  expan- 

2,n       '  ^ 

sion  for  X    and  U  (Eqs.  (6.5)  and  (6.10)  shows  that  the  graph  of  X^   starts  "be- 

14.  . ;; 

low  that   of  U(v),    for  :■%.  <     \/n(n+l)    (n+2)    .      7.o\i  the  graph  of  X         cannot   intersect 

c  ,n 

that   of  U(v)    from  "belov;   at   a  point  at   v/hich     U(v)    is   increasing  "because  at   such  a 

point   the  slope  of  Xp       ^.'ould  he   zero   (hy  definition  of  U).      Forc^.^   n,  U  is   alv/ays 

d  ,n 

laonotonic    increasin,e  so   that  X„       remains    oeti/een  L  and  U,   that   is    in  the  ijositive 

^  2,n 

slope  region.      Consequently  in  this  case  X         is  negative  and  raonotonic   increasing, 

\,   '^•^ 

Tor  n  <  £>>  <  y/n(n+l)  (n+2)  ,  X„   can  intersect  U  only  at  a  point  at 

c: ,  n 

\;hich  U  has   a  non-positive   slope.      At   such  a  point    it  nust  necessarily  cross   to   the 

re^.ion  ahove  U   since  U  is    either  decreasing   or  at    its  naxinium  \;hereas  X^       has  a 

2,n 

zero   slope   and  can  only  decrease    ay  crossing  over  to   the   region  atove  U.      Further, 

it   is   clear  that  X„       must    cross   into   this   region   since    it   approaches   the  v-axis 

d,  n 

from  acove  and  .lence  eventually  is  decreasing.   Once  in  the  region  above  U,  X 

c.,n 

must  remain  there  for  all   lar^'er  v  since  U  is  thereafter  a  nionotonic  decreasing 

function  and  X„       './ould  necessarily  have  a  zero  slope   at  any  point    of  intersection. 
2,n 

Thus  X  is    increasing  at    the  start,   has   its  majcinum  at  the  point   of  intersection 

d ,  n 

with  U  and  is   thereafter  decreasing,    approacliing  the  v-axis  asymptotically  from 
ahove. 

Finally,    f or  cXL  >    ',/n(n+l)    (n+2)    ,   X^        is  greater   than  U  at   the   start 

<i,  n 

and  since  U  is  monotonic  decreasing  for  v  >  0,  it  follows,  as  ahove,  that  X^ 

nust  remain  ahove  U  for  all  v  >  0,   Hence  in  this  case  X.,   is  positive  and  mono- 

2,n 

tonic  decreasing.   This  is  like\;ise  true  when  the  inequality  is  replaced  hy  an 

equality  since  the  functions  X^   are  continuoias  in  .   This  concludes  the  proof 

2,n 

of  theorem  b. 

Upper  and  lower  hounds  on  the  f-onctions  x  and  x'  can  now  he  deduced. 

n      n 
2 
If  o.  =  n(n+l),  the  function  X    =0  fo^  v  =  0  and  is  thereafter  positive;   for 

d,n  4 dA 

ci^  ^  n,  Xp   is  alw^^ys  negative.   Ii'^c  =  \/n(n+l)  (n+2)  ,  then  — =^   is  negative  for 

'->'■'■  0_\p  0.V 

V   >  0;    foro<=   n,      , /"       is   positive   for  v    >  0.      These  results   are      summarized  in 
terms   of    '-/^^{v  ,<^) ,    defined  in  section  U,    s^^(v,o^)   =     ~y/  1  +  ~     ,  (U.IO) 

V  '-X~ 

hy  means   of  the  folloi;ing   corollary: 


Gcrollary  (pj^v,     ,/n(n+l))    <     x^     <    ^/^.(v.n)    , 


4  r 


<^;(v,n}      <     x^^     <     <^'{v,     \fn{n+ir{n+Z) 
for  all  V   >  0  and  n   >   1. 


33. 


7.    The   Fancticns   Y„ 
2,n 


In  this   section  \'e   sh^ll   study   the   functions   Y^     (v)   uhere 

.-,n 

2,n       2,n      ^2       ^2      n 


(7.1) 


\'}e   shall  prove  theorems  similar  to  theorems  5  and  6  of  section  6.   The  proof  of 

theorem  8,  i.;hich  characterizes  the  functions  Y   (v),  for  all  values  of  the  para- 

£1  ,n 

meters   n  and  ex  ,    is   the  most   difficult   proof  in  the  present  paper. 

n 


^^*       '^n  =  ^^n  2 

V 

Equations    (5.2),    i'j.h)   and    (5.b)  yield  the   follovnlng   equations   for  Y      : 

n 


(1.2) 


dY 


av 


n     _     Tr2        .2/  t  \  -         1 

=     jf  V     +  — ( n  -  1 )   1   - 


n  V 

1 


V 

2 


n  2(n  -  iT 


S(n  -   irU  -   2) 


n  >  1    j, 


(7.3) 


-  '°^  -¥. 


Y       =     y     = 
o  0 


2,         vv 
V   log  -^ 


V  small 


>       (7.U) 


Y  1 

n  =  — 

V 


1     2n  -   1 


....      ,        n  ^  0,   V  1 


ar>?e 


(7.5) 


As   in  section  6,    the   ordering  theorem   is   again  a  result   of  the   t\ro 
following  lemmas: 


V   >  0. 


Lemma  7.      Y^  i£  a  positive  aonotonic   decreasing   function   of  v   for  aJ.1 


Lemma  S.      Y^^      >     Y^  ^.  -,_      for   all   n  >  0,   v  ^  C. 

The  proof  cf  lemma  7  is  similar  to  that  of  lemma  3.   V/e  shall  give  only 
an  outline  of  the  proof.   Equqtion  (7.4)  shows  that  the  graph  of  Y   starts  out  above 
the  v-axis.   Fi^rther,  the  supposition  that  it  crosses  the  v-aj:is  leads  to 


dY 


dv 


-  ^  <  0  at  the  point  of  crossing.   This  is  inconsistent  with  the  fact  that 


Y  approaches  zero  from  ahove  as  v  tends  to  co  .   Hence  Y  is  positive  for  all  v  >  0 

n 


3U. 

Again.      —^     is  negative   for  v  near    zero   and  also   for   l?.rge  v.      If   it   ever  "became 

n  —2 

zero,   say  at  v  =  v    ,    then  it  would  follow  that       — —     -     2Y       >  0  at  v  =  v^  ,  v/hich 

dv  ^  .• 

implies  that     n     \;ould  remain  positive  thereafter,      Jhis  is   inconsistent  \;ith  the 

dY 
behavior  of       n     for  Isj-ge  v.     The  leinaia   is   therefore  proved, 

dv~ 

If  we  put  ^'NY     =  Y^^^  -  Y^   ,    it   follows   fron  Eq,    (7.5)   that     Y     is   nega- 
tive  for  large  v.      The   differential   equation  for     Y  is 

iL_ll     =     v(Y     +  Y  ^J  Z^.Y     +     ^  l\Y     +  ^     Y 
dv  n         n+1  V  v       n 

If  Y  were   ever   zero,    let  v   =  v^    be  the   largest  v   for  i;hich  this    is   true.      Then 

•—■-.- —     -  —     -'      >  0,      \'hich   implies   that  .'AY  i/ould  be  positive  thereafter.      This 
U.V  V        n 

contradicts   the  knovm  behavior   of  /^Y   for  large  v,   and  hence   lemna  S   is  proved. 

-''    ''''  =  h,r^l     -^2.n- 
Then  from  Zq,    (7.I)    and  the   definition   of /^Y,   \;e  can  v;rite /JSY  as 

/\Y  =     ^       I  -     i  1  +  ~  :         ^  +  Z\,Y 

V     i         '..       ■>v'^J      j 

Hence /^  Y  is  the  s-um  of  two  negative  functions.  This  establishes 

^heoren  7  .   Y^    >  Y^   ,   for  all  n  ^  0  and  v  _  0. 
2,n      2,n+x 

We  noi;  proceed  to     

Theorem  S    .      If_  ox  -     i/nCn-l)    (n-2),    then  Y^        is   negative  and  monotonic 

Uy 2"^== 

increasing,  and  its  graph  ap^proaches  the  v-a^:is  from  below;  if   i/n(n-l)  (n-2) 

<■->'<  n,  then  Y^   has  a  single  minimum  and  no  maxima  and  its  graph  thereafter 
i_,n  — —  —  — — — ^     — ■ 

approaches  the  v-axis  from  below;   if  n  ^ .X  ,  then  Y^   is  positive  and  monotonic 
—         2jn  — 

decreasing,  and  its  graph  approaches  the  v-a:cis  from  above.  This  theorem 
is  valid  for  all  n  ^  0  and  v  >  0. 


35. 


The  theorem  is    illustrated  "by  the  graph  in  Fig. 


The  case  n  =  0    is  incraded  in  leirma  3t   s^^^-  ''iH  "be  omitted  in  the 


follouing. 


The  present   theoreiii  is  more   diffic'dt    to  prove  than  theorem  6;      the 

general    idea   of  the  proof,    hov/ever,    is    the   same   in  "both   cases. 

The  series  and  asymptoi^ic  ex-oansions   of  Y^       are: 

^,n 


ana 


^2.1  =  -   ^°^     — 


\,    '2,n  2(n-l) 


2v. 


n 


2:.-?     "  ^    ;.(n-l)2   (n-2)     '    -^  ■ 


"^    ,      v^  +   ...    (n>0) 


2.n  ^^  V  ^2 


.      (n  >  0) 


for  small  v  (7.6) 


for  large  v.        (7«7 ) 


In  addition  the  function  Y^       satisfies   the   folloi/ing  differential   equation: 

_ ,  n 


av  V      1         !         ^,2 


r^ 


1  V    2  _  1  +  i     ^^  ^     1 


^       ^    c^2         V    ^^2      ,' 

11+- 


21T/2  (7.2^ 


J 


dZ 


As  in  theorem  o,  ue  are  interested  in  the  locus  of  points  where  -r-  =  0, 

av 

This  locus  is  obtained  as  the  solution  of  a  quadratic  in  Z  and  defines  the  tuo 
functions  U(v)  and  L(v)  uhich  are  respectively  the  greater  and  the  smaller  of  the 
roots  of  this  quadratic.   Patting  rr-  =  0  in  Eq.  (7.8)  ue  find  explicit  expressions 


36. 


for  U  and  L.      They  are 
1 


U.   L     = 


_  2:  (_i     -.  _2) 


(7.9) 


v;here 


1  + 


ot-^ 


the   plus   sign  goes   uith  U  and  the  minus    sign  "jith  L. 


It   is  no   longer   trjie  that  U  and  L   are   defined  for  all  v,      and  n.      One 
can  therefore   not   ex^ject  U   and  L   to  have   the   sinple  properties   that   they  had  in  theo- 
rem 6;      it   is  precisely  this   fact   that  complicates  the  proof  of  the  present  theorem. 
If  U  and  L  are  everyv/here   defined,    the  half-plane  v   >  0  "breaks  up   into  three  regions 
in  each  of  \/hich  the   sign  of     -r—  is   every\;here   the   same:    the  region  ahove   the  U-curve 

•  ^    .      1  dZr      .  ...  .T  .  -,  ..         TV  ,-  .  ...       dS 

m  vnich     ^—  is  positive,      the  region   oetireen  une  U-  and  L-curves   m  which  -rr-     is 
dv  '  av 

dZ 
negative,    and  the   region,  "belo;,'  the  L-cur^/e   in  which     -r—     is  positive.      Ivhen  U  and 

L  are  not   everyv/here  defined,  the  U-  and  L-curves  have    two  hranches   as  indicated  in 


o. 


dZ 
in  the  regions   interior  to  the  U, L-curves  -r—  is  negative,    in  the  region 


dv 


dZ 


;xterior  to   the  U.L-curve,    ^—  is  positive 


^>^ 


Ll 


9lM   yo 


/=^/5-     9 


.1  ■  / 


\ 
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Eq.    (7.9). 


One  can  readily  olitain  the   series  and  asi.Tnptotic  expansions  of  U  from 
I hey  are 


V 


U. 


u    = 

n 


Q  ... 


2U^iT 


n 


2^'- 


2 

V 

g(n-l) 


r.(n-2) 

IT" 


+...(n>l) 


for  small  v    ,  (7.10) 


and 


(1  -J)     i    +     (1  -  ^)     ~    +  ...      (n   >  1)      . 

for  large  v. 


(7.11) 


we   see   from  Sq.    (7.9)   that  for  those  values   of  v   for  \;hich  L   e::ists,    L 
is   the  sun  of  t\!o  iiegative   terms  and  is  therefore  itself  negaiiive.      Furthermore, 
L  has  a  pole  at  the   origin.      It   follows    that  ai-y  curve  \;hich  is  hounded  from  "belov; 
at   thi  origin  (hence  !„  .^      in  particular)   starts   out   ahove  the  L-curve. 

As    in  theorem  6,   v/e  shall  again  study  the  U-  and  L-curves  hy  means  of 
the  cuhic   function  of  s   ohtained  from  Eq.    (7.3)    oy  setting     j-  =  0,    namely 


r 


2    2"=; 

-■(s)  =0-.     Z     s-^     +  2nZ 


2„2 


2^ 


s^  _  -,'    ■j^'-Z     +   2Z  +  1  - 


>-   s  -     — 


C/2,  ^2 


(7.12) 

To  each  value  of  Z  and  a  root  s  ^  1  of  F(s)  =  0,  there  is  a  v  such  that  either  U(v)= 
Z  or  L(v)  =  Z. 

Me   shall  first  consider  the  case(?<>  n.   It  is  easy  to  see  that  the 
radicand  in  Eq.  (7.9)  is  positive  since 


1  >  —  >  -At  and  1  +  n^   >  2n  > 

sn       2 
s-.x 


2n 


for  s  >  1. 


It   xollo'.;s   that  U  and  L  are   defined  (and  single  valued)    for  all  s   >   1.      Fijir  therm  ore, 

for  Z    >  0  ajid  0(  _  n  i;e   see   that   the   coefficients   of  ^(s)   have   the   signs    (+  + )    in 

the  order   of  decreasing  powers  of  s.      Thus    there   is  just   one  variation  in   sign,    and 
"by  Descartes'    rule   of   signs   there   is  precisely  one   root    for  s   >  0.      Y\o\i  the  U-curve 
has   a     positive  ordinate  and  negative    slope  at  s   =   1  and  approaches   the  v-axis   from 
above  as  v   -;:  oo    .      If  U  '.'ere  to  have   a  minimum  there  v;ould  he  values    of  Z   such  that 
U(v)  =  Z   for   at   least    two    different  values   of  v,    and  hence  tv;o  different  positive 
values   of   s.      Thus,    ^(s)   =   0   for  more   than  one  positive  value  of   s.      Since   this   is 
impossible,  U  can  have  no  minimum  and  we  conclude   that  U  is  positive  and  monotonic 
deer  pas  in?  for'^'*  n. 


"\.-i 


32. 

Fror.i  the  expansion  of  Y    (Sq.  ^.6))  we  sea  that  the  graph  of  Y 

'^t^^  2,n 

starts   off  v;ith  a  negative    slope   and  hence   lies  "bet\;een  the  U-curve   and  the  L-curve 

for  small  v    >  0.      Since  U   is  monotonic    decreasing,    the  graph  of  Y^        could  cross 

2,n 

that   of  U  \;ith     zero   slope.      If  it   did  so,    ho\;Qver,    it   would  thereafter  "be   in  the 

region  of  positive   slope  ahove  the  graph  of  U(>  0),   and  hence  uould  "oe  "bcanded 

av/ay  from   zero.      This   is   contrary  to  the  fact   that  Y  approaches   zero  from  ahove 

as  V  approaches  infinity   (see  Eq.    (7.7)).      Finally  if  Y         uere  ever   zero,    the 

asymptotic  "behavior   of  Y„        indicates  that  it  'jould  be   zero  an  even  number  of  tines. 

d,n 

This  means  that,  at  the  points  of  crossing,  its  slope  uould  alternate  in  sign.  This 
is  impossible  since  for  Y    =  Z  =  0,  Eq.  (7.5)  reduces  to 


^  =  _  1   11 
dv      v  I 


CX^ 


^  .x2 


<  0  for  all  V  >  0. 


>/  1 


It  follov;s  that  Y_  ,^  is  positive  and  monotonic  decreasing  for  <>^  n. 

V/e  have  as  a  corollary  to  the  first  part  of  the  theorem  that 


/ 


^n  >     '-l/'^h 
V      "  n 


2 

r 

"2 


for  all  V  >  0.  Hence  if  ue   define  the  auxiliary  function 


(7.13) 


Y(v)  =     ^ 

V 


r     ~ 

n 


1  + 


c^ 


it  follows  from  (7.I3)  that 


(7.IU) 


Y^  >    M^ 

2,n 


for  all  V   >  0. 


(7.15) 

We   no\7  consider  the   case  ok.<  n.      In  this   ca;ie  U  and  L  need  not   be  defined 
for  all  V    >  0.      It  xrill  be   convenient   to   consider  U  and  L*  as   functions   of  s;    that 
is,   as   roots    of  F(s)   =  0. 


U.L  = 


1  -  ns 
.2/    2 


2/    2 


^^(s''  -1)         .x^(s^-l) 


n^     +c-.^(s--l)  -  2:  (1  +   s^) 


It  should  be  noted  that  for  0  <  3  <  1,  L  can  be  positive;  whereas  for  1  >  s 
(i.e.  V  >  0)  L  must  be  negative  v/here  it  exists. 


39. 


For  s  smsill  and  positive,  the  radicand  is  negative  so  that  the  curves  do  net  exist 
in  this  region.   Zach  curve  has  its  only  positive  singularity  at  s  =  1.   This  can 
"be  seen  from  the  expansion  of  U  about  s  =  1 


U  = 


U  = 


1-n 


o.'^Cs-l) 
1 


s  <  1,  n  >  1 


s  >  1.  n  =  1 


vx./2i:^^)  "•  ••• 

How  for  Z  >  0  the  coefficients  of  'i{s')   have  the  signs  (+  +  1  -)  and  hence  F(s)  has 
one  and  only  one  positive  real  root.  If  Z  =  0,  F(s)  =  0  for  s  =  — pj —  <      ,  uh 


unere 


ue  have  set  (T  -     — ^     •      For  any  Z  i  0     the  value  of   s  satisfying  F(s)  =  0  laalces 
U(s)  =  Z.      Hence,    the  gx'aph  of  Z  =  U(s)   crosses  the  s-axis  at  P,    :  (  — pj ^T~»   ^"*  ^ 

and  crosses   every  line  Z  =   const.    >  0  just   once.      If  ue   try  to  trace   the  cui've 
Z  =  UCs)  we  find  first   that  for  n  >  1   it   approaches  the   line  s  =  1  as^Tnptotically 
from  the  left;      it   can/iot   cross   the  Z-axis,    so   that    it   must  double  back  on  itself; 
since   it   crosses   each  horizontal   line    (Z    >  O)   just   once   it   can  have   no  miniraura; 
F(s)   is   quadratic   in  Z   and  hence   the   curve   cannot   double   back  on  itself  more  than 
once  for  s    <   1;      for  s   >  1   it  cannot   dovible  back  on  itself  above  the    s-axis  since 
this  v;ould  imply  a  root  L    >  0     \;hich   is    iupossible    for   s  ^  1.    It   follows   that   for 
Z   >  0   the   curve  liiust   look   like  the  sketches    in  Fig.  10a  and  10b. 


ZA 


A 


S 


\.. 


/ 


f/r.n  ^O  a 


'    ^/<£.  /o  6 


^. 


If  n  =  1,    the  graph  of  Z  =  U  approaches  the   line  s   =  1  asymptotically 
from  the   right,      and   since    it   crosses   the   s-axis  at     r >  1,      it   nmst  decrease 


mon 


^otonically  aintil  it  reaches  this  point.  (See  Fig.  10c) 


We  shall  study  U  for  Z  <  0  "by  means  of  the  auxiliary  function 

1       n    .. .,    1     n 

,  and 


defined  ty  Eq.  (j.lU).  At  v  =  0,  'J 
L  =  - 


^.  M^=  S-  — 

2>  2^ 


"U^^TT 


2  ' 

2or 


2(n-i; 
therefore  lies  ostueen  U  and  L  at  v  =  0.   In  order  to 


determine  the  rjoints  at  which  the  graph  ■  of   intersects  that  of  U  or  L  ve   go  "back 
to  the  equation  defining  U  and  L;   that  is  we  insert  Z  -   V(v)  in  the  equation 


dZ 


d2 


^  -  0.   Setting  -r-    =  0,  one  ohtains  'oy   direct  substitution  of  (7.IU)  into  (7.S) 


dv 


2^  /  A  -H  i!    -  /i  4-  z!  1  -  ^      1 

i/  " 


0   . 


tx."^ 


Solving  for   the   real   roots    in  v    (that   is  s    >  1),   v;e  get 

2 


V 


oC 


i-Ucr 


c* 


(o-  =  ±2_    >  0   ) 
n 


if  and  only   if  0"<  |-     .      For   this  value   of  v, 


Y 


n 

7S 


A- 


UCT     and 


J~- 


W3 


Ul. 

It   follows  that  for  -     <  C    <  n,    the  graph  of  \|/ intersects   neither  the 

IP- nor   the  L-   curves    for  v  2  0,    since   in  this  case  G"  2     y-  .      This   implies   that  U   and 

L  are  not   connected  ana  hence  mast  exist  and  he  single-valued  for  all  v   >  0.     The 
graph  of  L      starts   at  rnimis    infinity  and  appx'oaches   the  v-a:iis   asymptotically  from 
■belo\;.      Hence  L  must  ass^jme   all  negative  values   of  Z   at   least   once.      Tor  a  given 
value  of  Z   <  0,  U  can  therefore  correspond  to  at  most   t\;o  roots  of  the   cuhic 
F(s)  =  0.      Since  the  U-curve  crosses   into  the  region  Z   <  0  from  ahove   and  approaches 
the  s-axis   asymptotically  from  teloxi,  U  Cfji  have  hut   a  single  minimum  f or  .X  in  the 
range  ^'2      >    c>^  <  n.      It   is   clear  that   U  >   "U/>  L.      The   situation  is   therefore 
represented  hy  the  sketches   in  ?ig.    11.* 


f     ' 

/!     ^>/ 

L 

^ 

\  '^ 

^ 

j^^--^^ 

-   > 

/l 

/=v^.  // 


1 1_  should  "be   noted  that   for  s    >  1,  U   is   single-valued  "because   of  the   existence   of 
L  "oelou  it.      For  s   <  1,    houever,    the   extension  of  v   to  the   left   of  s  =  1    (the 
lower  part   of  which  should  properly  "be  called  L)   is  single-valued  "because  of  the 
existence  of  the  upper  "branch  of  U  v;hich  approaches   3  =  1  asymptotically  from  the 
left. 


U2. 
ForO<<     -  ,   the  f\mction  "Uf  has   just  one  point  in  common  \;ith  U  or  L 


>  ..s  .    .       .  /        1 


(V   >  0),   at  P      :/    

in  the   (sZ)-plane.     'iIo\i 


2o'n     ^ 

i-!+cr  ] 

1 

n  1  1  + 

2 

V 

.2 
n 

1 

Ij+L  _         V  ii  ■>     0    • 


y-  ":r  ^.2 


2  V 

tiius  \K'  is  aluays  greater  than  the  average  of  U  and  L  (v  ^  o  ),  and  hence  the  graph 

of  Uf  certainly  lies  above  that  of  L.   Therefore  it  intersects  the  graph  of  U  once 

(v  >0)  and  thereafter  lies  aoove  ooth  U-  and  L-  curves. 

We  uish  to  shou  thet  to  the  left  of  F^,  that  is,  for  0  <  s  _         i 

'^  y/1  -  UCT 

U  has  at  most   one  miniaurr.  and  no  maxiimirr..     We  she.;  first  that   in  this   range  F(s) 

has  -rirecisely  one  root   for     -     •;:— —    J  l-k(5    <  S   <  0.      It   follo\rs   that   there   is   one 

2no     v 

value   of  s   for   each  Z   in  this   range   for  -jhichUCs)   =   Z.      'I'.'e  define  G(Z)   as   follows: 


l-(5 


,/l^ 


I    _1^)--     1R!iLJ\z^-2^2zJ^-     Z 1 -     G(Z). 


G(Z)   is   thus    a  paraholic   function  of  Z,    and 

1  -  (T 


Jl-h  S 


n 

G(o)  = >  0 

^    {1-  <S) 


since 


v''^"^^   t  ;i^ir^~   <  1-2  cr  <  1-  (T . 


Since  P„  lies    on  U,      G-  (  -     —— |   =     0.      The  rainiraum  of  the  paraholic  function, 

G(Z),    is 


'  ^  '  2n  C5 


m       ~       2n(y         '  2nC5"  ~         2nCS 


since  n  -  Jl-k  0        ^     n(l-  Jl-M-  G  )  >  2a  C  .      Hence  Z      lies  belo\;  P^    .     How  G(Z)=  0 

rn  ci 


r 


for  Z  -  ~     - — ^ and,    since   the  minimura  of  G(Z)   occurs   for  Z   <  -     - — ^ — -x-     and, 

G(0)   >  0,    it    follows   that   G(Z)   is   greater  than  0   for  all   Z   in  the   range  ~    ■■  ~  < 

Z   <  0. 


(r 


r '^-1 


Heturning  to   the  function  F(s),   ue  have 

2 
?(0)  =     -  2-     <  0,  Z  artiitraxy; 


?/-^— ^  =   G(Z)   >  0  for  -  -4^     <  Z   <  0. 


Hence  the  equation  F(s)  =   0  has  an  odd  nuiiiber  of  roots   for     0  5  s  1 and 

■^„~   ■.       <  Z  <  0.      If  ue  cpn  sho\.'  that   the  graph  of  F(s)  has  no  point   of  in- 
flection in  this  region   it  \/ill   follow  that   there  is  exactly  one  root,     'iov  F"(s)=0 
for 


3n(3'Z 


For   Z  >  -^5^  .  i.e.  -Z  <  ^         , 
-<^n  (5  2n  (T 

U  1 

this  vaxue  of  s  >  — -   >       ■  ■    ;  thus  the  point  of  inflection  is  to 

3^1  -  4<J        /1-1+6" 
the  right  of  P^  . 

As  \;e  have  seen  the  U-cun/e  enters  the  lo'.:er  lialf  of  the  (s,Z)-pl£ine 
"by  crossiiig  the  s-axis  at  the  point  P,  .   Since  F(s)  has  precisely  one  root  to  the 

left  of  P  for  each  negative  Z  aoove  P   ,  the  U-curve  must  proceed  do\;nuard  without 

a  maximuir.  or  a  minimu-m  in  the  region  R  above  and  to  the  left  of  P   ,   It  must  pass 
out  of  3.  at  P  or  to  the  left  of  P  ,  since  P  v/ould  otherwise  lie  on  L,   If  it 

passes  out  of  5.  to  the  left  of  P  it  can  not  again  enter  R  because  if  it  v/ere  to  do 

so  F(e)  v;ould  have  more  than  one  root  for  some  value  of  Z  in  R.   On  the  other  hand, 
the  curve  eventually  passes  through  P^  so  th- t  it  must  have  a  minimum  below  P^. 

Furtherr.iore  it  can  have  no  other  extrenum  below  P^  since  FCs)  can  have  at  most 

c  r 

three  roots  for  any  value  of  Z.   Finally  for  v  in  the  ranee  0  <  v  <  Z^ 


■J 


6- 


1-4-6 


(that   is     1   <   s  _       ■  )    ,    the  curve  L  exists   belo\;  \y  ;    it   follows   that  U(b) 

is   single-valued  in^this   range.      Thus  ir(v)   is   single-valued  and  has   at  most   one 
minimum  but  no  maxima  to   the  left  of  Pp.      There  are  thus   only  three  possible    . 


•  V  - 


m. 


descriptions  of  U(v)  to  the  left  of  P  .  U(v)  is  monotonic  decreasing;  U(v)  h, 


as  a 


single  minimiiii:  and  no  r-.oxinran;  U(v)  is  r.ionotonic  increasing.  The  latter  case 
occurs  only  if  U(v)  is  initially  increasing,  i.e.  ifCJ^-i  vn(n-l)  (n-2)  .  The 
possible  hinds    of  U-curves    are   sketched   in  ?ig.   12. 


c^^llkfy>-i)  (^-^) 


r/6.  /a 


<v. 


V.I 


U5. 
The  proof  of  the  -theorem  for  c?<.  <  n  is  nou  s  oraightfon/ard.     Mien 


\/n(n-l)    (n-2)      < '-X  <  n,    the  graph  of  ¥„        starts   off  "beloi/  the  U-curve  v/ith  a 

neg3.tive   slope.      In   the  upper  half-plaiie  U  decreases  r.ionotonically  until   its  graph 

intersects   the  v-axis.      The  graph  of  !„        cannot   intersect   that   of  U   ahove   the 

c:,n 

v-axis,  for  if  it  did  so  it  \/ould  enter  a  region  of  positive  slope  and  remain 

hounded  sMay   from  the  v-axis,  this  is  contrary  to  the  heha.vior  of  Y    at  infinity. 

c:,n 

Farthermore,    the  graph  of  Y  cannot    intersect   that   of  U      (v;ith  zero    zlope)  i/here 

c:,n 

U  is  increasing.  On  the  other  hand,  since  Y^   is  eventually  increasing,  it  must 

enter  a  region  of  positive  slope  at  some  time.  Ko\;  Y  >vj.^>  L.  Kence  the  graph 

c,n 

of  Y         intersects  the  U-cur'/e  heloi;  the  v-ajcis   at  a  point  at  \;hich  U  is  decreasing. 
d,  n 

Thereafter  Y„        cannot  enter   a  region  of  negative   slope.      For   if  it    intersected  the 

d,n 

graph  of  U  again,    the   intersection  uould  have  to   occur   at  a  point   of   increasing 
slope   for  U  to   the   left   of  Pp.      In  this   case  Y„       \/ould  "oecome  trapped  hetveen    \^ 

and  a  monotonically  increasing  portion   of  U;      it  could  never  again  enter  a  region 
of   increasing   slope. 

?oro<,<     v/nCn-l)    (n-2)    ,    the   graphs   of  hoth  Y     .    and  U  start   out  with 

positive   slopes  and  \/ith  Y^       aoove  U.      In  this   case  U   is  monotonic    increasing  at 

^,n 

least  up  to  the  point  p^   .   Hence  if  Y    ever  entered  a  region  of  decreasing  slope, 

it  \rould  have  to  intersect  the  U-curve  to  the  left  of  p^.  As  hefore  Y    v;oald 

2  2,n 

thereafter  be  trapped  heti/een  "Xjl/' and  a  monotonically  increasing  portion  of  U.   In 

this  case  Y    v;ould  remain  in  a  region  of  decreasing  slope  and  therefore  he 

hounded  auay  from  the  v-cucis;   this  is  contrary  to  the  behavior  of  Y    at  infinity. 

d,  n 

It  follows  that  Y  .^  is  monotonic  increasing  for  all  v  >  0.   This  concludes  the 

proof  of  theorem  g. 

If  v;e  make  use  of  the  function  W{v,ck)    defined  by  So.  (U.lO),  that  is 

/      2~ 
C/?J^,oc)   =  H_  ^/i  +  I_   ^  (1^,10) 

theorem  g   furnishes  us  with  some  useful  bounds   on  the   f-'onction.   y     and  its   deriva- 

2  "■ 

tives.      Foro.    =   n(n-l)    ,    Y^  ^   is   initia.lly   zero   and  is   negative   thereafter;    for 

'  1|  ; dY^ 

C^  n,   Yg  ^     is  always  positive.     For  cK=     /n(n-l)^(n-2)    ,     — pi^  is  positive  for 


U6. 


dY 


V  >  0;   forC<=  n, 


2,n 


dv 


is  negative  for  v  >  0.   'tie  have  thus  proved 


Corollary  1.  n"  (v,n)  <  y^  <  (/>'  (v,  v/n(n-l)  ) 

(^^'  (v,  Vn(n-l)^(n-2)  )  <  i'^  <  (/'i  (v.n) 
for  all  n  2  1  and  all  v  >  0. 


v;e  deduce 


Since  y  -  — ^ 
n     2 

V 


Corollary  2 


n  V 


V 


'1  +  —  <  0  , 
n 


r     -  X       >  0  for  all  v  >  0  and  n  2  1. 


Corollary  2  is  liksi.'ise  true  for  n  =  0  (see  the  corollary  to  lemma  lU- 
in  section  S).  Recalling  the  definitions  of  x  and  y  ,  ue  see  that 


'n    n 


V 


K-.^(v)  ^  I.'-,(v) 


1   ^n^^^^^J^' 
V  K.(v)  I^(v) 


Since  K  {v)   and  I  (v)  are  positive  for  all  v  >  0,  corollary  2  is  equivalent  to 

(K  I  )'   <  0, 

n  n       ' 

from  \fhich  xie   derive   the   interesting  conclusion  that   the   function  K      I      is   a  isositive 

n     n  - 

monotonic   decreasing  function. 


2.   Further  Approximations. 

The  purpose   of   the  present   section  is   -go   find  upper  bounds   for   the 

functions     x    , ,    -  x      ,   Y    ^-,    ~  y      .      These  \rlll  be  useful   in  province   tha.t   the  func- 
n+1         n   '      n+1  n  i  -, 

tions  W         are   ordered  \rith  respect   to   n.      The  section  ends  v;ith  some   inequalities 

on  the  particular  functions   x     y     and  y^ . 

0      0  1 


Let 


X     =  X     - 

n         n 


AX  =     X  ^,    -  X 

n+1         n 


(i  +  ii_)V2 

<S2 


(sa) 


^7. 


It  follo^/s   from  lemma  5f    section  6  that 


X     >  X     >  0. 
n         n 

The  differ :.-ntial  equations  and  series  expansions  for  X  and  -^X  are 

n 


easily  ohtainatle  from  Sqs,(5»l)  aiicL  (5»3)'     They  are 


n    _ 

dv 


~2 
X     V 
n 


2n 

V 


2     -^ 

—    y 


1  + 


+  i    +     £_ 
v 


a 


n     1_ 


1 

2372 


3  2 


(8.2) 


d(/.\X)     ^ 
dv 


-vvX  ^T    +X  )/iX 

n+l       n 


_ 

V 


Ax 


2  X 


n+l 


(1  +  ^) 


2     1/2 


2     1/2 
(1  +  ^) 


and 


L-Zi^-   +^f^^l 


3      V     ,2 
^  ^-      (1-V 


2~372~   .3 


(1-9 


'x   =    i     -i- 

n         2    |5?1 


n 


V 


(n+l)'^(n+2) 


+     3n    L,  . 


Ax 


•■^  ^U= 


") 


(n+lKn+2} 


^      + 


(8.3) 


3n+5 


(n+l)2(n+2)^(n+3)     "   oF 


VJe  no'./  state   the   important   lemma: 

Iiemma_9..  Zi  X      <     0     if    ^y^      >    (n+l)(n+2)    for   n  >  0,    and     v   >  0. 


«.     ■■   r       >■ 


»■-; 


■  /.  ••  , 


*  ■     \, 


US. 

2      N  -^ 

Equp-tion    (8,3)    shovrs   that   if<?c.       £   (n+l)(n+2),  Zi  X  is   negative   for 

small  V.  This  implies  that  if /iX  --ere  ever  zero  for  v  >  0,  its  graph  would  cross 
the  v-axis  uith  non-negative  slope.  \/e  shall  therefore  prove  the  lemma  "by  shov- 
ing; that  ''"., is   negative  ^/heuever  /^X  is   zero. 

°         dv 

In  Eq.  (8.2)  put  ^NX  equal  to  zero,  there  results, 

d(  Ax)  ^   2  ^^"^^   .   1  +  2n+l   1    1 J^     2n+l  _1 

iv       -    V   •   s      ^5   V   •  ^2   •   ^3  -   ,p   ^2 

2  v^ 

vrtiere   s     =    (1  +  — ^).      \v'e  \7ish  to   show   that   the   right  hand  side   of   this   equation   is 

negative.      That   is   to  say 

Y  -     Y  liil     .      1  s      (g^+l)s     +         1  2n+l  .      -  . 

Vi   -  Vi       -^       s>      ^2  '  ^  7TT-r^~    •  ^^'^^ 

v  2v  2o«.  s  2v   s 


But  X     >     ^^  /l  +  /■  :^.'-,  w  '^'A^   for  v  >  0  "by  the  corollary  to  theorem  6.  The 


inequality  (g.U)  is  therefore  valid  if 


(n-^-1)   f.    ^     __jd_^l^^^     >        (2n+l)   s  1  ,  1 

2~  ^^  Cn+inr+2}    ^  -       ""2  TTT  ^2"      • 


2v  2e^  s  2v   s 


(n^l)      ^,..            v^              V2. 

n+1 

2 

V    s 

_^     2n+l 
2 
2<xs 

+ 

1 

• 

^2        ^^          (n+l)(n+2)^ 

2o^s2 

2 

V 

2           1/2 

(1+       -4            )          ^     ^  + 

2n+l 
2n+2 

2 

]_ 

2 

V 

o<2  2 

^^"^   (n^(n+2)^          -     s 

2(n+l) 

• 

^ 

1  +   ":; 

.2 

v2 

1 

v2    ' 

;2          2(n- 

*-l) 

•^ 

2 (n+1) 

^232 

>    .  +     7^  ,  (1-  s) 

-      -^  2(n+l)^^  ^ 


U9. 


Squaring,   ue   get 


1  + 


(n+l)(n+2) 


>      .2     ^ 


1  -   s 


U(n+1)''     o( 


2     "75  2 


2       v(l  -  s) 
^      (n+1)  oc'^ 


2      V 
Transposing  and  using  s  -1  =  -^  % 


V 


2 
^    > 


Cn+l)(n+2;   "  ^2   •- 


v^  (s^-l)   ,s  -  1 


U(n+1)2^.2 


^  (n-t-Doc^ 


Multiplying  by  (n+l)  ^^  , 


n+2 


-  n-1 


2  2 

>    (s  -1)   /S--lv 

-   !+Cn+l)   ^— 2~^ 


1  -  s 


and  finally 


n  >   1   +    (S-I)-^(S^I) 

n+2  s      ,.,  .,  X  k 


o< 


U(n+1)  s 


1     ( s— 1 )  { s+1 ) 
Let  F(s)  =  —  +  -^ ^ — r—   •   It  is  easily  shown  that  F(s)  is  a  decreasing 

^      Mn+l)  s^ 

function  in  the  range  from  1  to  oo  and  hence  has  a  naxiraum  at  s  =  1,   Since  F(l)=l, 
the  inequality  is  valid  if 


Oi 


n+2 


-n>l. 


that   is,    if 


CK^     >  (n+l)(n+2) 


2  "^ 

ForcX    =    (n+l)(n+2),    it  is   seen  from   (8.3)   thatZN>X  is    zero  for  v  =  0 

and  negative  for  v   >  0.     This  yields   the 


Corollary 


n+l  n  2 

V 


for     n  ^  0     and  all 


1  + 


(n+l) (n+2) 


V   >  0. 


f    .:     - 


If  ue  let 


50* 


n         n 


(1 


2     1/2 


ZXI  =  Y 


_  Y 
n+1         n 


(8.5) 


the  pertinent  forcnilas  for  ZiY  are; 


M#I2     =v(r^,    -.Y    )^Y 

dv  n+1  n 


2n 


AY 


2 

V 


Y 


n+1 


1  +  v; 


CXS 


-    £/\y- 

V 


2n+l 


1     1 


(1-V 


2372 


2n+l 


(1 


) 


(g.6) 


Z^Y  =     I 


(7<-^ 


1 

n(n-l) 


3n-2 


n2(n-l)^(n-2) 


■i 


(2.7) 


and 


AY  = 


(n+  i)  -  oC 


2n+l      1 


+   .. .    for  large  v 


(2.S) 


V/e  \/ill  prove  the   follov/ing: 

Lemma  10.    ii\  Y    <  0  if  ©<  -      (n  +  i)   for  aU   n  >  0  and  v   >  0, 

Tor  V  =  0,  Z\Y   is  negative  if  ex     >  n(n-l)  which  is   implied  ty  the  hypo- 
thesis  of  the   lemma.     At   infinity  Z^Y   is   negative  for  0*^2   (n  +  p)    .      Thus  if/i?' 
ever  became   zero  or  positive,   the  graph  of  AY  \/ould  have  a  non-positive  slope 
some  point  at  v/hichAY  =  0,      './e  shall  prove  the  lemma  by  establishing  a  contradiction 

is  positive  v/henever 


to  this.      Thus   for<:l\Y  =   0,    ue  shall   shov;  that   "^'"^^^ 


dv 


CK2      (n  +  ■^).      This   amounts   to  showing   that 


^n+1  -     ^n+1 


n+1 


i     > 
s 


2n+l     1 
20<2     3 


„    ,2  2 
26;<,  s 


(S.9) 


51. 

2       v^' 
where  s  =  1  +  —  ,  as  we  see  from  (S.6).  Recall  that 

^1  2   1/2 

y^i   >  -^  (1  +  ^)     for  V  >  0  (g.lO) 

(see  corollary  1  to  theorem  S,  Eq.  (7.13)j  •  Using  (S.IO)  in  (S.9),  '^'e   see  that 
the  lemma  v;ill  "be  estahlished  if  \;e  can  shov/  that 

2  I   u.T\^  ~  2       s  „^2         ~     _^2   2 

V  (n+l)  V  2o<.  s  2c?<.  s 

1+5:!        .^       jd 
„  ,    vi_,  1/2  ^a  -  gl^sarr  ^a  ,     ^2     , 


Squaring   (S.ll)  v;e  obtain 


2  2  ,  ^     -lo.        2  ,  2      ,,    ^      V 

V  S       ,      .        V  .  1  V       /1+S     >  1  V  (1    +    sj 


(n-.l)2       -     '       a-  U(n*l)2    J       s2    '      "  ^^^   o(2 

Fro;n  uhich  v/e  get  "by  transposing  and  dividing  h'y    v      , 

1  1     ^  1  >  1  v^      (1+s)^ 


(n+1)^        iT^^         (n^l)o<.^     '     U(n+1)^       "^         s^  (n+l)o<^s 


2 
Multiplying  through  ty  (n+l)-:^     \;e  have 


oC^  >         1  v^      ,1+s    x2  1 


c<^ 


s 


s 


or 


^2  ^        2        -,        ,^     2 

o^  >      s      -    1       / 1+S  X 

(n+1)       -     ^    -     IiH^qriT     ^~2^ 

s 


J!\^J  -     -~u ~  r  .   then,   Since  r(s}  is  an  increasing 

U(n+1)   s  ^ 


function,    it   has   its  maxinuin  in  the   rar-ge   from  1   to    co    at   s  =   oo  .      Sine 


e 


5?. 


^(°°)  ~  hi   +1  V  '  ^^^^   inequality  is  valid  if 


that  is  for 


oC^   >    ^     1    _   (2n+l)^ 

<X^  >   (n  +  |)  '  (8.12) 

Thus,    in  the  range  indicated   oy  3q.    (S.12),     — r is  positive  for 

/^Y  =  0  and  v   >  0,      The  assuinption  that  ^Y  vanishes    is   therefore  contrary  to   the 
"behavior     of  ^b'  T  at   Infinity  so  tloat   the  lenma  is  proved. 

Corollary--  y^^^  ~  ^n  ~2       *     ^^^^ 


V-        /: ::^ 


t^ 


for  all  n  2  0  and  v  2  0. 


We   shall  next    sketch  the  proof   of  tvio  lenmas   \;hich  establish  lower 

■bounds  on  the  functions  x    . ,    -  x     and  y    .-,    "  y     .     Although  these   lemmas  will  not 

n+1         n  n+1         n 

he  needed  in  the   study  of   the  V/  functions,    they  are   of   some   interest    in  themselves, 

Lemma  11.  AX      >  0   if  c<~  1     n(n+l)   for  r.>0  £nd.  v   >  0. 
i'ouAxCO)    >  0   if   o<,^   <   (n+l)(n+2),    and  Ax(oo)   >  0   ifc?*.^   <   (n  +  i)    , 
hoth  of  these    inequalities   are   implied   Dy cx"  S     n(n+l).      We   shall   show   that 

:; is  positive   sheneverZ^X  is  equal  to  zero  and   c^      ^     n(n+l).     From   (S.2) 

we   see   tltat   this   is    equivalent   to  showing   that 

^     ^  n+1  ,_     2n+l   ,     1 


n+1      2      ^  2      ^  2  2 
V  s     2'Xs     2cK^  s 

?     -1  /^ 

Using  X     <  — -  (1  + )     ,  from  the  corollary  to  theorem  6,  it  is 

V        ( n+1 ) 

sufficient   to   sho\;  that 


r  _^\   1/2  ^     ,  ._^,  ..2  ,  ..2 

|_  (n+1)'    I  ■        ■      c«.  s  c<~s' 


1  +     _JL >  <     1     +        gn+1  v"  1  V 

^2  -     s  2Cn+l)  2„  2(n+l )     ~2~2 


(2n+2)    ^2   ^    ^2^ 


..  . ; 


53. 
Squaring  and  siaiplifying  leads   to 

2  ,  ,      2 


'^^        -n 


n+1 


-     I     *       U(n-^l)      ^T"^ 


The  function  on  the  right-hand  side  has  its  ninimuc  at  oo since  it  is  a  decreasing 

1  ■ — ' 

function.      This  minimioin  is      ^z'-^^-,  •.      .     Hence  Ax  >  0  if 

..o<^     „    ,     _  1 

H+r  ~  ^  ^  4(n+l) 


• 


or 


o<.^  <  n^  +  n-1  <  n(n+l) 
Using  lemmas  9  and  11  ue  obtain  the  follov;ing  corollary: 

for  n  >  0  and  v  >  0. 

Lemma  12.     /^'i   >  0   if  ex       i  n(n-l)   for  n  >  1  and  v  >  0. 

■\j  2 

Bq.    (2.8)   sho\7S  that/-\Y  is  positive  for  large  v  if  o<        <     n(n-l).      The 

present   lemma  will  "oe  established  by  showing  that  ^Y  =  0  implies   that 

^^ 

— T is  negative  for  the  range  of'OC  indicated  in  the  hypothesis,  and  therefore 

if  Z!xY  =  0  lor  any  value  of  v  >  0  it  must  thereafter  remain  negative,  contrary  to 
the  above  fact.  That  is,  it  oust  be  shown  that 

-  n+1   -  Cr-       2n+l       2n+l       1 


n+1     2   -   n+1      „  2       ^2      ^..22 
V  s  2v        2v  s     2'^  s 


2       -2 
where  s  =  1  +  ^  .   Or  since 


c-<2 


2        1/c 


^n+1     <     -^  "--^  "     n(nll)    ^  '"^^  ''   ^  ° 

V 

by  corollary  1   of  theorem  S,    it  \/ill  be  sufficient   to  show  that 
^  (1  +         v^.    )'^'^  y       n+1        .        2n+l  1 

^  ^^    n(n+i)  '     -  -^—  *  ,  2     ~  — rr 

V  V   s  2.:>.  s  2CX  s 


5U. 


or  1  +  v^      1     V 


^2    ^1/2  ^      ^2     21^^11  ^2_     __^^  £_ 

2 


<  1       V^   /1+Sn 


Squaring  and  simplifying  ve  find 


^  U(n+l)c<^  s^  ' 


<  s^-1  (s+1)^  1 

-         !+(n+i;  T    ~     s 

s 

/    2  ^  \  /  ^1  \  2  -, 

The  function,      -^-^ ■  -     —     ,   has  a  minimum   in  the   range   (l,oo) 

l;(n+l)  s^      ^ 

equal  to  -1  at  s  =  1,  since  it  is  an  increasing  function.  Hence  the  inequality  is 

valid  if         P 

-HC  _  r  <   -1 
n      ~ 


or 


cx^  <  n(n-l) 
Co^^^^^^y-      ^ ~ 2 U2      <  ^n+l  -  ^n  <  ^  ^"2 iJT 


for  n  >  1  and  v  >  0. 

'v'/e  conclude  section  8  oy  finding  "bounds  on  the  functions  x   ,  y     and  y.  , 

^2  -1/2         ^        ^2  -1/2 

Lemma  I5.    a(l  +  --;-)     <  x   <  -^r-  (1  +  -j-) 
^2         0     2        h 

"'     p   p         2 
for  all  V  >  0,  uhere  a  <  i  ,  a^  c<   <  1  -  S-  . 

In  particular  this  inerualii:y  is  true  for  a  =  —  ,  o<  <  /  —  and  forO^=  —  , 

a  <  ^ 
a  <   ^   . 


55. 

Define 

X  (v)      E     X       =  X       -  a(l  +     ^) 
0  0  0  ^2 

The  series   expansion,   the   asymptotic   formula  and  the   differential  equation   for 


X     are: 

0 


4 
Sex  c< 

X^^    (l-ao.)i     -     ^     .... 

2v 


=     -    3?v  -  2  /i    -     51^    V     X.  (S.13) 


0        _  -^  o    <^    1        J-  aV 

-ehF   -   -   V  :  2  %  7  ^   2-172 

l      (1  +  V 


2      3/2 


V    (1  .     ^)  v(l  +     ^) 

1  /  "-'  '^ 

?or  a  =  —  ,     o<  =   2,      X     is   negative   for  small  v;      thus   if  X     vanishes 

2  '  '        0  '^  '  o 

for  V   >  0   its   graph  cuts   the  v-axis  v;ith  non-negative   slope.      We   shall   shou  that 
dX 


dv 


0  "^ 

is   negative  for  any  v   >  0  for  v;hich  X  vanishes,    and  hence  prove   the  right-hand 


,  2  -1/2 


side  the  inequality,  namely,  x  <  —(1  +  -r-j    .   ¥e  must  shov;  (see  Eq.8.13) 

T  2 

i(2+     ^) 
1   < ^,  . 

(1  -  V  ■ 

Squaring  v;e   see   tliat   tnis    is   trae   since 


1   < 


2            U 

V                  V 

i   +      -^  +      7-r 

=   1   + 

k 
V  ' 

2 

2 

:.,/it'i'; 


56. 

1  "^ 

For  a  <  —  and  a  oC  <  1,  X  is  positive  "both  near  the  origin  and 
_  2  0  ~ 

dX 

""^  0 

at  infinity.   It  \;ill  be  shown  that  X  =  0  implies  that  -^ —  is  positive.   This 

2  -1/2 
v/ill  prove  the  remaining  part  of  the  lemma,  namely    i^   j.^   \ 

2 
Letting  — r  =  t ,  1  -  ex  a  =  A,  in  (S.I3),  it  mast  be  shown  that 

1  +  At  >   ^^^  "^  !^ip   for  t  >  0. 
1  ^  t)  ' 


(1  ^  t) 

Squaring  v/e  must   show   tliat 


1  +  2At   +  A^t^     >     hsf^  +  a^t    .   jl^      , 


v;hich  is  true   if 


1  +     2At      >     1+a^     +     a^t, 


The  last  inequality  holds  if  both 


that  is  if 


a  2  TT  ('hat  is  a  5  ^)and  2A  > 


2 

2  -  Zo^   a^  >  a^  or  cx^  a^   <  1  -  ^ 

both  of  which  are  true  b;-"  hypothesis. 

1       2  -1/2 
Lemma  lU.    y   >  -  (l  +  :^)     ,  v  >  0. 


0    0         ^2 


The  behavior  of  Y  at  the  origin  is  seen  from 

o 

1  -^2  -1/2 

Y,  =   -  ~ -  a  (1  +  1^) 

V  log  —         <^ 

2 

The  asj'Tnptotic   expansion  rnd  differential    eauation   for  Y     are: 


(1   -   ac^)   .T     +     Ar 


rJ 

Y 

2v^ 
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rj 


^       -^o  r         2  -1/2      '1  ^  2 

=     Y     V  +  2  av(l  +  — -}  -  —  I    Y       + 


dv  0  I  ,2  V  0  2 


M 


(1-V 

oC 


2a  av  1  ,        >  . 

-JTJz         —         7172    -7--     (2-^^^ 

v(l  +  ^)  oC^d   +  I^) 

For  0<=   2,    a  =  —         Y     is   i^ositive  for  large,  v.      In  order  that  Y     may 
•2^0-  ^  0       '' 

dX  "^ 

vanish  it    is   necessary  that     3—     be  non-negative  at   some  point   at  v;hich     Y     =  0. 

dv  ^  0 

V/e  shall  shov/  that   this   is   not  so.      Equation   (8.IU)    (uith  Y     =  0)  becomes 

^  -1-(1  -^^a^)  ~  a   (2+^) 

'0    _     i>r  o<r 

dv  2  ~  2  3/2 


v(l  ^     ^)  V   (1  +  ^) 


C?(.^  -.2 


which   is  clearly  negative.      ^ha  leinma   is   therefore  proved. 
Sy  lemnias   I3  and  14,    ire  see    that 

1  2  -1/2        ,  2  -1/2 

v'hich  establishes   the 

Corollary.  y     >  x     for  all  v   >  0, 

VJe  conclude  section  8  by  proving  the  following  two  lemmas: 

Lemma  l^.  ^1    '*     ~?  ~  ■'"°^     ~^     fo^  all  v    >  0   . 

V  ~ 

\jf  =  1.7S1  ,  log  ■/  =  .57772..]     . 

Lemma  I6.        y^   <     —     -  log     -^^     +  C(%'^)    for  v   <  v   . 

_  ■^^  V 

|c(v,  )    is   a  positive   constant    such  that   y,    =  — -  -  log     — -—  +  C(vt  )1 
'-      -'■  12  2  11 


i   \ 


5S. 

Lemma  I5  is  proved,  by  letting 

Y  =  Y  -  ±—  +  loe  — ^  V  . 

V 

Y,    then  satisfies   the   differential   equation 


dY 
~dv 


i    =  V  (Y^  -  log     ^)2     >     0. 


Since  Y,  (o)  =  0  and  since  Y,    does   not   equal  log     —^  in  any  interval,    it  follov/s 

that  Y^CvJ    is   positive  for   all  v   >  0. 

Lemma.  I6   lollo-i/s   from  the   observation  that    the   function  y^    -     —^     + 

J-  2 

V 

log     -^  V  -  C   is  a  nonotonic    increasing  function  of  v  \mich  vanishes  at  v  =  v^ . 


9.   The  Junctions   vL        and  U„ 
l,n  2,n 

In  section  9.   ^'S   shall  use   the   results   of  sections    5,6,7,   and  g  to   in- 
vestigate the   function  W^        said  W         given  hy 

1 ,  n  2 ,  n 


■v'-'  ^  ■■■'■1..=  ^y^^ 


2 

V  , 

—7T         +     v; 
^2 


/  2 

2.n^  -        2.n  2    ,/  ,2 


(U.2) 


cA- 


where 


I'(v)   K'(v) 


"n^-^  Z     "n  =   J-h     y.v)  /(v)       =    /-\  ^n 


(U.U) 


It  will  he   shown  that   the   functions  W,        and  \I         are   ordered  v/ith   respect   to  the 

l,n  2,n  ^ 

index  n,    that    is 


1 , n+1  1 , n 


'P.n^l      <     \n 


(9.1) 


The  function  VJ     ^  \rill  he   shovm  to  he  a  positive  aonotonic   decreasing  function  of 

V.      The   section  concludes   \;ith  a  partial   description   of  ¥        (v)    as  a   function  of  v 

d  ,n 

for  all  values  of  the  parameters  n  and  ^-  , 


^' .  ■  i 


59. 

We  shall  folloi;  the  procedure  of  the  preceding  sections  and  base  the 
proofs  of  the  principal  theorems  on  a  series  of  lemmas. 


Lemma  17.  The  fiinction  v   (v)  =  \;  =  /  x  y   is  a  positive  monotonic 
!_   n      n   \/   n  n 

decreasing  function  of  v,  for  v  >  0  and  all  n  ^  0, 

Since  x  and  y  are  hoth  positive  by  lemmas  1  and  3  of  section  5i  it 
n      n  -^  •^' 

follov/s  that  w  is  real,  and  it  is  the  positive  square  root  of  x  y  by  definition. 
n  n  n 

Moreover  ,    ,   , 

x'  y  +  y'  X 
n  n    n  n 


w 


I   = 


n 


v/x  y 

V  n  n 


Again  x'  and  y'  are  negative  (lemmas  1  and  3)t  hence  u'  is  negative  and  the  lemma 


is  proved. 


n. 


The  next   letuna  concerns   the   ordering   of  the   function  v;     \;ith  respect   to 


LemjQa  IS.        v/   ^,      >     w       for     v  2  0  and  all   n  2  0. 
n+i  n 


We  have 


\!  ^,    -  v; 


^n+1  ^'n+1     "   ^n  ^n 


n+1  n  v;    . ,      +  \; 

n+1  n 


^n-M^Vl  -  -\^      -"  ^n^^n^l   '  ^n^ 
"n+1  ^  ^'n 


Hence,  b,.-  lemmas  1,2,3,^  and  17,  it  follov.'s  that 


for  V  >  0. 


n+1    n 


We   are  nou  in  a  position  to  prove 

Theorem  9,      \L         .      >     W^           for     v   >     and  all   n  >  0. 
l,n+l  l,n     

By  equation   (U.2)  v;e  see   that 

7  ■'  =      L-      / 

'l,n+l  "   ''l^n  2   ./■ 


V 

Hence.    \'l 


2 

1   +     ^     +     M  ^.    -  M 
\/  2  n+1  n 


■'f-j_   ^+-^  ~  V/-,         is   the    s-'jtm  of  tv;o  positive  terms   and  is   itself  positive. 


60. 


/  2 

The  functions     — ^  /I  +     -^     and  \i     "both  have  singularities  at  the 


origin  and  both  approach  the  v-axis   from  above  as  v  approaches   infinity.     Thus 

W,        is   initially  -olus   infinity  g 
l,n 

the   description  of  'J,    .    we  prove 


W,    .    is   initially  plus   infinity  and  approaches  the  v-axis   from  above.     To  complete 
1  ,n 


Theorem  10.     \L        is_  a  positive  monotonic   decreasing  function  of     v 
0. ,  n 

for  V   >  0  and  n  >  0, 

Proof:     \L        is   the  s-um  of  tv/o  positive  fxinctions  both  of  \;hich 
l.n 

are  monotonic   decreasing. 

Fig.    13  indicates  graphically  the  content    of  theorems   9  and  10, 


f" 


f/6  .  /3 


We  now  come  to  the  function  W    .  As  might  be  expected  from  sections 

6  and  7,  the  proof  of  the  ordering  theorem  for  the  functions  V„   is  more  difficult 

£1,  n 


,      .      It  depends  en  the   inequality  m  ^^    -  \i       <     ^  ,    to  the  proof 


than  that   for  W, 

of  viiich  v/e   devote   the  ne::t   t\ro  lemmas. 


1_ 


61. 


Lecaa  19.     v;  ^^    -  v;       <     —^     for  v  >  0  and     n  2     1. 
n+1  n  2     

V 


Using  the  identity 


V7.,,  -  \-i 


n+1    n 


n+1    n     v;  ^,  +  v; 
n+1    n 


it  must  be  shov;n  that 


'"n+1  ^n+1  ■ 

■  X     y 
n     n 

V 

/x.  ,,y   .,   , 

.  .^x_  y_ 

n+1  +  , 
or  that 

y  ^1    (x  ,^   -  X  )  +  X     (y   . -   -  y  )     <    -?c      /x~7y~T7    +  /x    y  (9.2) 

•^n+1        n+1  n  n       n+i  n  2       /    n+1   n+1        J    n  ""  n  \j'    t 

It   is  no\7  apparent  i/hy  bounds   on  the  functions  x     y       x  ^-    -  x     and 

n,   n,     n+1         n 

Y    .-,    ~  Y       v/ere  found  in  sections  6,    7  and  3. 
n+1         n  ' 

We  treal:  up  the   inequality    (9.2)  into  two   inequalities  v/hich  ir^ly 
(9.2): 

^n^^n+1  -  ""v)     <     hi/'^ZK  (9.3) 


1 


^n+1  (^n+1  ~  ^n^  ^  T  ,/Vl  ^n+1       .  (9.4) 

Here  v;e  replace  (yj^+3^  -  7^)   and  (x^^^  -  x  )  "by  bounds  established  in  corollaries 
to  lemmas  9  a^d.  10,  and  y  and  x  _^^  by  bounds  established  in  the  corollaries  to 
theorems  6  and  S.  The  inequality  (9.3)  is  then  valid  if 


Tj2       -  2         V      ^^  2 


""n  -~ ;;! — 172     -       2-  V  (^ ""  —  ^ 

v2   (1  +     1^) 

<n+  |) 

that   is   if  ,  ,,  , 
>-                    2  Ik                           2              1/2 

/ir-  <  -^  (1  +  I-)       ci  +  1 ) 

n  (n  +  -) 


2        1/U 


So^uaring  we  ottain 


2  1/ 


n 


-2  U  -  -  ;     vx  -  7-— T7^' 


v^       n  (n  +  -) 

'How   "by  the  corollary  to  theorem  6, 

2  1/2 

■■   ^n  <  ^(1^  V     ■ 

V       n 

\/hich  clearly  implies    (9.5) 

In  like   manner      iS.h)   reduces   to 


2  3/lt 


Squaring  we  get 


r^        .3/2 
^n+1     -  2~  ^-^  ^      (n+l)(n+2r 


But      (Corollary  t;o  theoreci  8) 


/  p 

•^n+1  .2      /  ^  n(n+i; 


so   that  \ie  \;ant 


n+1        /    ,  V-         tf       n+1     ,,    .  v^  3/2 


^2     y^         ZITFry       -  2     ^^  ''     (n+l)(nH-2)^ 


or 


62. 


X      <      \  (1  +    ^  )        (1  +    -T-Z-)     •  (9-5) 


R^I?n     -  (--lHn^2)  (,.i)2(,,2)2  (n.l)3(n.2)3 


This  v;ill   follox;  from 


or 


.  1  <  3, 

nCn+i;         -       (n+l)(n+2) 


n+2     1     3n 

1     <       n 


63. 

v/hich  proves    (9.^)  smd.  the   lenuna. 

The  -Qounds   established  in  Section  8  v/hich  have  been  used  to  prove   the 
above   inequalities   are  not    sharp   enough   to   deal  v/ith  the   case  n  =  0   for  small  v. 
Hence  there   remains   the  case  n  =  0  which  is  treated  in  lemma  20, 

Lemma  20.        v;,    -  v;       <     — -     ,     v  >  0, 
i  o  2 

V 

As   in  lemma  19,    it   is   to  be   shov/n  that 

or 


y^;^i  -  ,y vo  <  ^ 


(9.6) 

The  proof  of   (9.6)    is   divided  into  two  parts:      a)     v  1  O.g  and 


b)     V   <  O.S. 

a).   First  \re   shov;  that 


^o^^'r^'o^   <  -h   yVo      •  (5.7) 

V 


Using  the  corollary  to  lemma  10  we   have 

^  /l-^Uv^ 

and  from  lemma  lU 


1        /—       1 


1        / 1        ._ 

—t;     hi  ¥  >     — :^     /x 

.2    «/    0   0  2    /    o 


2     4 


v''      "^Z  V 


V  V  ^/,      ,    V  ^- 

IT 


Hence   (9*7)   v/ill   follo\/  if  ue  can  sh 


o\i 


^.  .   -K  — 1 —    <    1    ./?-    1 


OR 


°    '^  /rr^   "  '^ '  °  -/-  VTTi^ 


--     .       1         v'l   +  Uv 


^'       0         -  ,r— 


h.       .     ),„'^ 


^2        V  2 


Sk. 


that  is 

2 


X     <    ^      4=:  (5.8) 

0-2  / 2 


However   (lemma  I}) 


X 


0 


/l  -^  \ 


<  i(-V"'= 


Thus  (9.S)  is  true  and  hence  (9.7)  is  true  for  all  v  >  0. 
We  must  no\'  shot;  that 

^1  (^1  -  ^o^  <  -^  yvi  • 

V 

which,   ty  the   corollaries   to  lemma  9  and  theorem  6  v/ill    follov;  from 


ly 


J-  .  I <  A.  .  i  u/i  ^  i! 

1  2  : ^  2         V      y  2 

v2- 


y 


^^     2 


or 


1  v^  3/2 

y-L    <    -^  (i  +    — )         •  (9.9) 

V 

Slq.  (5.5)  is  certainly  false  for  v  small,  as  seen  from  Sq.  (5.U2).   It 
i.'ill  he  shown  to  "be  true  for  v  >  O.S.  'Je   begin  hy  showing  that 


y^_      <-—{!  +  2.03  v^)^/^     for  V  >  0.8.  (9.10) 

1       '  "^1/2 

The  function  y^    -     — ^  (1  +   2.O3  v2)   '       is   a  Y     ,    function  with  c><.<   1.      Thus   (see 

V  ' 

theorem  S)  if  Y  ,  is  negative  for  any  value  of  v  (say  v  =  .g)  it  will  he  negative 
"-» -'■ 

thereafter. 


K^(v) 

But  ^^^    z^XTT 

y.(v)  = 


'1^-'  2 

V 


so  that 

,    ^  1.23S2 

V   (.S)     =     L_l^^m    =     J:^ 

^  (O.S)''  (0.8)^ 


65. 


v;hereas 

1/2 


(1  +  2.03(0.8)^)  -        ^-^^^ 


(0.8)2  (0.8)2 


There  remains    to  show  that 


1  2  ^/2  1  ^2   3/2 

-i-     (1  +2.03  ^   )  <     -ip      (1  +     4-^ 

V  V 


for     V   _  0.8.      Squaring  ;;e  must   shov/  that 


U 

r 

T 


f(v)  =     -I-    +     ^    v^  -  .53     >  0     for  V  >  0.8 


f(v)  is  negative  for  v  =  0;   f(v)  =  0  has  a  positive  root  and  is  positive  there- 
after;  so  that  if  f(.8)  >  0,  it  follov/s  that  f(v)  >  0  for  v  >  .8.   Hov;ever, 
f(.8)  =  .0012  >  0.  This  proves  part  (a)  of  the  lemma. 

(h).  Me   shall  shov/  for  v  <  0,8  that 

V 

or  equivalently  that 


.       1      ,     2  yx^y^ 
-\^1     <    -TF    "*■    T—      "    ^0^0      • 

V  V 

To  accomplish  this  ve  get   appropriate  'baunds    on  the  four  functions     x,  ,y^      x     and 

An  equivalent   form  to  lemma  l6  may  oe  v/ritten  as 

y^      <     —2     -  ^°e  ^■^      »  for  V   <  v^  (9.11) 

V 

v/here  k  depends   on  v      .      We  choose  k  so   that  the  f\inction     y,    -     — -  +  log  kv  =  0 

V 

at  V  =  0.8;      that  is 


K^(v) 

1     +    V        -rrr-j r-       -     1     +    V        log     kv     =     0         for    V     =     .8. 

K^(v)  ^ 


Making  the  calculation  \ie  get  k  =  . 


r  .,1 


I  ;■• 
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Again 


so  that  y 


2   , 
V  y^-1 


K 

1  +  V   =   +  V  V 

K^  __2      "^^o 


From  (9.11)  we  have 


2  2  2 

V  y-i-l   <  1  -  V  log  kv  -1  =  -V  log  kv 


which  leads  to 


y 


> 


The  fxinction 


o  2       ,        '  2  ,        , 

V  y-|-l  -V      log  kv 


(9.12) 


-1-    T^/'^T" 


is   an     X^  ^    function  v;ith 


n=l<     "LL     =o<.     <  ^12     =      yn(n+l)^(n+2)      so   that    if  X^  ■]_   is  negative   for, say, 

V  =  1,    then  it   is  negative   for  all  v  ^   1      It   turns   oat    that     X„  -1(1)   ~  -.01. 
Hence 


^       1  /r~r^       2~  ,       1        /,     .      4     2     ^       1+       Tf 


V   <  O.S 


-l^d  +7  v^)  for 

(9.13) 


Finally  x     is   a  positive  moi^otonic   decreasing   junction  v/hich  means   that 

X   (v)      >     X  (.8)      for  all  v      <     O.S    . 

However,   x^(.8)   =     -     ^     =      .kSj]      >   ,36 

0 


so  that 


J  x^(v}      >     .6     for  v     <  O.S   . 
Using   (9.11), (9. 12). (9. 13)   and   (9.IU)   in 


(9.1U) 


^1^1      <     -T 

V 


1        .     -1. 


/x  y       +  X  y 
V    0  o  00 


v/e  :2;et 


1  I'         ,         2  2    1        r     1  1  ,      "1  <  1  a-        1.2         /  -1  ,r     -.r-" 

~  P      7  M    ~  "  ^°^  ^     -  -IT  ^  —  /  ^:^ — —  •    ^5.15; 

V-  Lv  J  V  vyv     log  kv 


r     -  .T' 


.f  i 


«        # 
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where  the  last  term  on  the  right-hand  side  has  "been  neglected.      Inequality   (9,15) 
sirflplifies   to 


2     _1_ 
1  2 


J     log  kv  - 


-1-     log  lor     <     -^ 

V  V 


-1 


V     log  kv 


or 


2      /'         2  2       2  /     2  '     p 

J   J  -  V     log  kv     -  y    V     log  kv     /-v     log  kv  -  log  lev   /-v  log  kv     <  1.2 

, (9.16) 

2  J     2 

The  functions  -v  log  kv  and  -log  kv  /-v  log  kv  have  maxima  for  the  values 

-1/2         -3/2 
kv  =   e  '   ,  kv  =  e  -"  ,  respectively.  Replacing  the  left-hand  terras  in  (9.16) 

"by  their  maxima,  \/e  get 


2      /'  i      J±    .     Ill    Jl?"" 
2         ^2  7^2         ,,2' 


ij 


2    v/    2 


r3    < 


2    v/    2       ,2 
k 


-     1.2   , 


or 


d   j   1.  e 
iJ    2 


2     k2 


1-     i       ^ 


-1 


2       k2 


272       j,_2     -     "-'^      ' 


Making  the  computation  v;e  get 


.361     +     .729     =     1.09      <   1.20 


\/hich  "oroves    the  lenma. 


Consider 


^■^2.n.l  -  W,^^  =     -     ^  yx  .  J_       .  ., 


n^l  -  "n 


v^  J        ^  >^*1  ^  ^2 


The   function  W^  ^_^^  -  \J^  ^   is   therefore,    by  lenima  19,    the   sum  of  tv;o   negative   terms, 
hence   is    itself  negative.      This  proves   the  ftindamental 


Theorem  11.        ¥^       >  W         ,    ^  s 
2,n          2,n+l   f^r  v  >  0   and,  ail  n  r  0. 


■^r; 


68. 

We  have  not  "been  able  to  prove  the  analogues  to  theorem  6  and  8,  that 

is  a  theorem  which  characterizes  V/^  (v)  as  a  function  of  v  for  all  values  of  the 

2,n 

parameters  n  and  0(  .  We  do,  houever,  state  and  prove  tvo  theorems  v;hich  give  a 

partial  answer  to  the  above  problem. 

The  series  and  asymptotic  forcula  for  M         are: 

c.,n 


W, 


1    1 


n 


2,n       2    12       , 
•  in     -  1 


n 


<X^ 


-     n 


S 


n 


ex' 


n^Cn^-D^Cn-'-U) 


1 


(9.17) 


Ti         -in  nil  2  .         11 

W^  „  =     -       1  -     —    +     — =■    n     -  n  d\-     -      +   . . . 


(9. IS) 


Lemma  21.      U^        is  positive    if  X^       and  Y^       are  positive:      U^        is 


2.n  — 

negative  if  X„   and  Y_   are  negative. 
— 2 2,n  2,n 


—     2,n  2,n  =-^ 


For  X^        >  0  and  Y^        >  0,    that    is,      /x     >  '^-^ 
2,n  2,n         '  '     \/    n         v 


r    U/ 


V        V  c< 


-2  __  n  /  ^ 


V 


1  + 


ex.' 


2,n 


and 


v/hich  implies   that 


2,n 


In  exactlj'  the   same  \;ay   it    follows  that    if 


then 


X„        <  0  and  Y„        <  0 
2,n  2,n 


■^2.n  <  °' 


Since,  from  the  corollaries  to  theorems  6  and  S,  X   <  0  f or  o<  <  n  and 


Yg  j^  -  0  for><^yn(n-l),   -..'e  obtain, as  a  corollary  to  this  lemma  that 
¥    <  0  if  ^  6  V^Cn-i;  .   Similarly,  'J    >  0  if  ^  >  yn(n+i;. 


69. 


Theorem  12,        Wp        is   a  monotonic  decreasing  function  of  v   if 


0(,  >      yn(n+l)^(n+2)     and  v   >  0. 


The  hypothesis    implies    (see   theorems  6  and  8)  that   ''ooth  X         and  Y 


are  iBonotonic   decreasing.      \ie  have: 


^"^2.n     =     -  V^n^^'^)  -^    /Vn 
where 


2 
CfiA^.'CA)  =     -^     /I  +     Z-         .  (U.IO) 


Differentiating,   ire  get 

X  y'     +  x'  y 


V    n  n 


1     /  ^"    Yt       +  ^      /   ^      Yi  X     +  y 


But  X»  Y'  C/;i      are  negative  and  x^  +  y     >  2/x  y     .      Hence  V/'        is  negative, 

ti ,  n ,      c: ,  u       7  o^.  n  n^'nn  <-t^ 

The  last  theorem  i/e   shall  prove   is  the  follouing: 

Theorem  I3.   V/'„       is  a  monotonic  increasing  function  of  v   if 
d,ri   ~  -  -         — 


Mi 


^  I  2 

:^  t  Jn{n~l)   (n-2)     and  v   >  0  ^id  n  >     3. 

3y  the  corollaries  of  theorems  6  and  8,   v;e  have  for  v    >  0 


^   >  y^  >%  (v.  yr'(n-l)^(n-2))    ,      0   >  x^_   >i/'^(v,n) 
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From   (9.19)   it   follox/s   that 


(p  (v,  v/n(n+l)      )  X 


We   shall  prove   that 


U  ■' ? 

if   o<:    i      ^/n(n-l)   (n-2)        and  v   >  0. 

X 

Let  r  =  /  —     ,    then     (9.21 )  becomes 
n 

-2^^(v,  :^)    >     -ry^     -     1     vi 


which  by  virtue  of  (9»19)  will  follov;  if  \/e  can  shou  that 


(9.21) 


-2    <^,(v.:X)   >  r   (   -    (/.^(v,     yn(n-l)^(n-2))  +     ~  (   -r/J(v,n). 

(9.22) 


<     ^  I ^2 

It   is  easy  to   shou  that   for  o<  _      y/n(n-l)    (n-2) 


-2(/yv,  x)      >     -2     </;^  (v.     yn(n-l)^(n-2)    )     , 

v;hich  v;ith  (9.22)  yields   the   inequality  that  uill  be  proved,   namely, 


(2-r)  r   (   -  (^^   (v,     yn(n-l)^(n-2)))>     -  (^^(v,n).  (9.23) 

Inequality  (9.23)  crast  be  proved  for  all   r  in  the   rarjge    (see  9.20)    . 


(n  {^7,    /n(n+l) 

TT-i n-rr-^     <  ^   <   1   •  (5.2U) 

(^rS^,     v/4n-l)    } 


71. 

/  U   / p V 

The  fiuiction   (2-r)   r   •^-  CA^    (v,  v/n(n-l)    (n-2)    )+  (/''^iv,.i)    (see   0.23) 

considered  as   a  fuiiction  of  r  is  a  parabolic  ftmction  havir^g  its  raa:ximuia  at   i-  =  1. 
This  function  therefore  has   its  minimum  in  the  range   specified  in  (9.2U)  for 


ZZZZZ: —       •     ^3^^C2  if  the  inequality  of    (9.23)   is  proved  for  this 

value  of  r  it  must  hold  for  all  values  of  r  in  the  range   of  (9.2U) 
For 


2 

v 


=    / ,  (9.25) 


n(n-l) 
v;e  nornalize  the  paraoocic   function  by  the   substitution   CJ   =  1  -  r.      If  in  (9.23) 

r  by  1  -  *5  , 


ue  re; 
MB   have 


place  i^'^   (v,n),  g;;.'^  / '/,  Jnin-l)    (n-2)  j  by  their  values  and 


v2  2 

(1  _    T'^) yn(n-l)^(n-2)    _ ^  "'  .  (9.26) 

'\V2  /  ,^2 


-2> 


V      y  n(n-l)2(n-2)     ,/  v/        ^     n^ 


The  next  part   of   the  proof   is    concerned  v;ith  obtaining   an  upper 
bound  for  CJ  .      Ho\; 

C5-    =     1  -  r     =     LZJL 


(1  +  r)(l  +  r^) 


It   is  easy  to  find  a  louer  boiind  for  the  denominator   since  r  is  a  monotonic  decreas- 


U 


n-1       >     U;  1 


ing  function   of  v  xrith  a  ainiUi'jn  of    ./  ■■'' "  >      v/~5~     ^°^     n  ^   3. 


Hence   (l  +  r)    (1  +  r^)     >  (I.83)   (I.7I)      >  3- 

get 
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Combining  this  with     Eq.    (9.25)  we 


<J    < 


1-r 


2\r 


^   _  3n(n2-l) 


(9.27) 


1  + 


nCn-lj 


Finally  ve  show  that 


i  2 


1  + 


V 


L 


n(n-l} 


>  u^V(^%-  " 


yn(n-l)^(n-2). 


for  n  _  3 


In  fact,    if  we   expand  both  sides  v/e  obtain 


(9.28) 


2v 


n(n-i; 


2/      -,  n2 
n  (n-l) 


>  1  +  V 


n 


yn(n-l)2(n-2) 


+ 1- 


V 


2^ 


2nt7n(n-l)"(n-2) 


which  \;ill   certaiiily  be   true    if  the   coefficients   of   like  powers   are   subject   to   like 

inequalities, 

2 
For  V     \/e  v/ant 

2  1        .  1 


n(n-l)     ~  2 


n 


Vn(n-l)2(n-2) 


or 


n+1 


n^(n-l)  2(n-.l)  yn(n-2) 

or  after  seme   simplification 

-7 

3n^     -  12n  -  S      >     0   . 


But 


3n^  -  12n  -  8  =   37   +  69(n-3)  +  27    (n-3)^  +  3(n-3)^     >     0,    for   n  ^   3. 


For  V    ,    ue  want 


.2/      .  n2 


n'' ( n-l ) '^  2n^  Jn{n-lf  ( n-2 ) 


which  will  "be   time  if 


3n"  -  6n-l   >  0. 


Again 


_    2 


ya     -  6n  -  1  =   3(n-3)       +     12(n-3)  +8     >     0  for  n  _  3. 


Thus    (9.28)    is   estaL)lished. 

Usinf^  (9.28)   in  (9.27)   we  get 
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a'    <   ^        " 


9  2/    2  T  s2  2 

^       n   (n  -1)  ^  ^]^  ^  ^ 

n 


(9. as) 


?yn(n-l)^(n-2) 

We  noviT  proceed  to  prove  inequality  (9.26).      Squaring,   ue  get 


2s2 


2       / 


(1  -a  )''  (1  *^)  I  H 


Uv2 


n 


V         yn(n-l)2(n-2)  ^•(n-l)^(n-2) 


,,2  n  / 


n 


r2        ,    ^U 


^ 


""  V  /n(n-l)-(n-2)/ 


(9.30) 


But    (1  -a    )      =1-2 -J       +C        >     1-2  o      since  0   <  G"  <  1  -r   <   1.      So   that,    from 
(9.29), 

(1-6^)2     >1.2C2      >1-|  ^^"^  ^  ^ 


9        2,    2  ,  v2                           2  2 

^^^^^-^^  1   +     :i-  1+     I 

p  

""  2yn(n-l)2(n-2) 


It   follows   that 


(1  -C^f     >  1  - 


2,    2   ,  s2 
n   (n  -1) 


(9.31) 


1  + 


n 


^n(n-l)2(n-2) 


7^. 


Substituting  the  inequality  (9.3^)  ^^   (9-30)  and  expanding,  ue  get 


h  + 


^    yn(n-l)2(n-2) 


I  n(n-l)'^(n-2)    n7n(n-ir ( n-2 ) 


n^(n-l)^(n-2) 


?.,    2  ts2 
n  (n  -i; 


n 


2  2 

U(l  +I_)  (2+  1- 


1  + 


2v/n(n-l)^(n-2) 


>  u 


n 


yn(n-l)^(n-2) 


1 


/n(n-l)2(n-2) 

(9.32) 

V  +  


""    n^/'n(n-l)^(n-2) 


nVr4H-l)^n-2) 


or 


V 


l6v 


n(n-l)2(n-2)    n^(n-l)2(n-2) 


2/  2  ,  v2 
n  (n  -1) 


(1 


2v/n(n-l)2(n- 


>    ^^ 


"^    nVn(n-l)2(n-2) 


We  shall  establish  this  last   inequality  "by  comparing  the  different 
Lj. 
powers  of  v.      For  v     \;e  have 


n     +  lUn     +  1 


I >      1    H-    16 

n(n-l)2(n-2)  n"^         n^Cn^-l)^  VV-1? 


or 


1         ^         n     +  lUn^  +  1 


J^-2       '  3(   ^T  n2 

n-^Cn+l; 


This  follov/s    if 

Uu     -  I3n^  +  2Sn^  _  n  +  2  =  U(n-l)^  +  3(n-l)^  +  Ig(n-l)^  +  32(n-l)  +20     >  0, 
v/hich  is   true  for  n  >  1. 
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For  V     we  \;ant 


1  >  1 


n^(n-l)^(n.2)  n  ^^^^^"^^2^  ^2(^2_,)2    f^~^f^^ 


or 


> 


U       .  ? 
1        ^  S  _        n     +   6n     +  1 


or 


/n(n-l)^(n-2)  "^^  '"'-1''  ■^'f-'"^)' 


U       ^2 
1  .  n     +  6n^  +  1 


> 


/^r{:^::2)  n^(n+l)^(n-l) 


Ko;; 

1     _       n     +  2n''  +  n 


"""^         n2(n+l)^(n-l)  n^(n+l)2(n-l) 


I 


for  n  ^  3t    since 

2r?  -  5n^  +  1  =   2(n-3)^  +   13(11-3)^  +  2U(n-3)  +  10      >     0     for  n  >   3. 

Hence   (9.32)    is   established  and  the  theorem  is  proved. 

The  "bounds  oncsC-in  theorens   12  and  I3  v;ere   suggested  by   theorems  6  and 
8.      They  are  not   the  best  possible  bounds.      In  connection  with  theorem  I3,   let  us 
remark  that   if  W     „(v,o^)   is  moiiotonic   increasing, it   follows   that 

*'2,n^^'^l^    '^  ''^2  n^'^'^2''   ^^"^  ^^^^   '^2  n^^'^2^ 
is  monotonic   increasing  foro<     <o<      (since    (J)'{v,cK   )      <    d7'(v,<x:   ). 

10.   Conclusions. 


To  return  to   the  non-attenuated  modes    of  a  helical  wave   guide,    let  us 
see  what   can  now  be  said  about  the  real    solutions   of 


v^y   0.2  -J 


I 


<S       _       n      /_     v2       ,      /         ^IS-^  -A(-) 


n  n 


(2.6) 
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The  left-hand  side  of  this   equation  is  a  positive  constant;    t?ie  right-hand  side  can 
be  written  in  terms   of  the   functions  W,        and  W         .     Equation   (2,6)    then  "becomes 

-L=\J       (v)  n  >  0  "1 

c<  2,n 


=  ^■^1.  |n|^^^  ^^°J 


I 


(10.1) 


Group  I  corresponds  to  (2,6)  with  a  plus  sign  hefore  the  radical  and  group  II  to 
(2.6)  with  a  minus  sign  before  the  radical 

It  follows  from  theorems  9  a^d  11  that  the  functions  in  group  I  are 
ordered.   That  is 

/      --  >  ''^1.1-21  >  ^^1,  |-1|  >  ''^1,0  =  ^2,0  >  '^2.1  >  ^'^2.2  >--  - 

for  each  v  >  0.   This  is  illustrated  in  Fig.  1.   The  functions  in  l^roup  II  axe 
clearly  the  negatives  of  the  functions  in  group  I  and  hence  are  ordered  as 

J     --^-v,^._2j  >-^P,  .i|.>--^2.o=-  '^LO^^^Li  >-^i.2> 


<^, 


for  each  v  >  0.   3y  theorem  10,  the  w'    functions  are  positive,  start  at  infinity, 

are  monotonic  decreasing,  and  approach  zero  asymptotically  as  v — >   oo  .   Hence  for 

group  I  there  is  precisely  one  solution  for  each  n  *^  0;  if  v   is  the  solution  for 

— ■  ■  n 

the  nth  mo.de, then  the   solutions  are  of.dered  as 

I  I.I  I  » 

°  ^  ^0  ^  ^-1  <  ""-2  ^ '  (10.2) 

For  group  II  there  are  no  solutions  for  n  >  0. 

The  solutions  of  Eq.  (10.1)  associated  irith  the  W^   functions  are  more 

2,n 

difficult   to   descfibe.      For   sufficiently  large  n  (in  practice,    n  2  3)   we  will   have 

h  ■  2  > 

'  •J'^^^"-'-^    (n-2)-r<,In  this   case   the  ¥„      (v)    functions   are   negative  by  theorem  I3, 


77. 

n           1  1 

Start  at     A  -5 -     -o)    t    are  monotonic   increasing,    and  approach  zero  asymptot- 

'^     n--l  ^"^ 

ically  as  v— >  00.     For  the  equations  of  group  II  with  n  <  0  there  will  "be  pre- 
cisely  one   solution  if 

'   yn(n*l)2(n+2)        >    ex    and         ^     >     |  ( -1^     _     _^)      ;  (10.3) 

^  n  -1 

these  solutions  \:ill  "be  ordered  as  in  (10,2).   If  the  first  but  not  the  second  of 

the  inequalities  in  (10. 3)  is  satisfied  there  uill  "be  no  solution. 

Theorem  12  is  not  likely  to  be  useful  in  practice.  As  a  consequence 

U/      2 
of  this  theorem  v;e  knov;  that  foriX'^       V^^n+l)  (n+2)  ,  the  functions  W„   (v)  are 

2,n 

positive,  start  at  -^i   :r  -  — -)    ,    are  monotonic  decreasing,  and  approach  zero 

^   (n-1)^     -X^ 
asymptotically  as  v  — >   00  .   For  the  equations  of  group  I  v;ith  n  >  0  there  \/ill  he 

precisely  one  solution  if  "both 

a(>      .i/n(n+l)2(n+2)  and   -^  f  |  (-^ ^)   ;  (10. U) 

these  solutions  v;ill  be  ordered  as  -  -  v        <  v  <  v^  <  v^^  <  — 

If  the  first  but  not  the  second  of  the  inequalities  in  (10. U)  is  satisfied  there 
v/ill  be  no  solution. 

It  follows  from  lemma  21  that  W   (v)  v/ill  be  negative  for  all  v  2  0 

2,n 

if   OC  <  7n(n-l)  .   Hence  for  an  n  >  0  such  that  oi  <   yn(n-l)  there  \/ill  be  no  solu- 
tion for  the  first  equation  in  group  I.   Likev/ise  for  an  n  <  0  such  that 

■  cX'  _  yn(n-l  j  there  \/ill  be  no  solution  for  the  second  equation  in  group  II, 

This  brings  us  to  the  end  of  the  V/- function  theorems.   We  now  proceed 
to  fill  in  some  of  the  gaps  using  semi-empirical  methods.  Figure  lU  shows  some 
typical  graphs  of  the  function  W  Av).      For  all  values  of  CX  the  function  W 

starts  at  plus  infinity;   for  CX >   1  the  function  approaches  zero  from  above  as  v— ^  co 
whereas  for  t<  5  1  the  function  approaches  zero  from  below  as  v  — J>  00.   For  c<  in 
the  neighborhood  of  1.02  the  function  appears  to  have  both  a  minimum  and  a  maximum. 
For  somev/hat  larger^  the  function  seems  to  be  monotonic  decreasing.   Finally  for 
the  case  G^  _  1  (the  most  important  in  practice),  W  ,  appears  to  have  but  a  single 


7S. 

minimum.     Thus  forcxi  1,    the  n  =  1  equation  of  group   I   has  a  single   solution 
which  is   smaller  than  the   n  =  0   solution,    and     the  n  =  -1  equation  of  group  II   has 
t\;o   solutions    if    o/-/.  is    sufficiently  small   but   otherv/ise  no  solution. 

Figure  I5  shous   some  typical  graphs   of  the   function  W       (v).      This 
function  starts   out   at    (1/3  -  l/c<2  )  which  is  positive    f or  cX  >    ^/J"  and  negative 

f or  cx  <  y/3~  .      As  V   iDecomes    infinite,    'v        (v)   approaches    zero   from  ahove  f  or  o<  >   2 

and  from  heloi;  f or /^  <  2.      For  sufficiently  large  o<  the   function  is    of  course  mono- 
tonic   decreasing;      f or cX  in  the  neighborhood  of  2.02   it   appears    to  have  both  a  maxi- 
mum and  a  minimum;      forC<S  2  but   somev/hat  greater   than   one   it   seems   to  have  a 
single  minim\im;      f or  (X  =  1    (and  hence  by  the  concluding  paragraph  of    section  9   for 
0<'£  1)   the   function  W         appears   to  be   negative   and  monotonic   increasing.      One 
\;ould  say,   therefore,    that   foroC  _  ^3     the  n  =  2  equqtion  of  group  I  has  no  solution, 
whereas   for   c<  i  1   the   n  =  -2  equ^ion  of  group   II   has   a   solution  if        Q      <      1  1 

aiid  otherwise   it  has  no  solution.  cK.  J 

The  inbetv/een  cases  for  M         are  indicated  in  Fig.    I6. 

'-t  3 

The  results  concerning  the  number  of  solutions   that  exist   can  be  re- 
capitulated as   follov/s: 

I.    n  ^  0 

A.  Solutions  associated  v/ith  \l         ^  ilone 

1  ,n 

B.  Solutions   associated  v/ith  \I 

2,n 

0(    <     yn(n-l}      ;      n   >  0 Hone 

CX     >  Vn(n+l)2(n+2)      and     -^     <     g(^     -  i^) ......    One 

«  2  n^-1        O^ 

0<    >  Vn(n+l)(n+2)        and     1     >     |(_L         1) ^^ne 

v/^(n-l)      <o(  <     ^/n(n+l)    (ri+2)        not  covered  by  theory 

(See   III  below) 


79. 
II.        n  <  0 

A.  Solutions  associated  v;ith  VL    ,      i      One 

B.  Solutions   associated  with  ¥^    .     ■ 


oc.   <  V:i(n+l)2(n+2)      and     A     >     |  (   ^       __^)...One 


<   yn(n+l)2(n+2)      and     -^     <     §(-^  "  -^)    -.•   i^o-^-' 

5<  '^       n  -1 


CX    <      /n(n-l}        ,      n  <  0, 


iM  one 


x/iUn-i;      >  ^    >     V"4n+lj^-(n+2}        not   covered  by  theory 

(See   III   telov;) 

III.   Cases  examined  graphically 

n  =  1,   (X    about  1.02 Three 

c*.  a  little  greater  than  1.02 One 

-X  i   1  One 

C, 

n  =  -1,     -^  sufficiently  small Three 

n  =  2,   -X.  about  2. 02 Three 

c><   a  little  greater  than  2.02 One 

\fT     <   ^  i  2  One 

<X  5  vT" Hone 

^^=  -2,       ^  <  J_  _  ^ One 

othen/ise Hone 


